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It has been accepted by many researchers that modification of a model is often 
a necessity as a precursor to effective mesh generation. Imperfect CAD and 
data-scanned models are very common in model preparations and 
translations.  However, editing the geometry directly is often found to be 
cumbersome, tedious and expensive.  The novelty of the work presented in 
this thesis is the development of mesh repair and optimisation processes, 
which simplify the problems of the imperfect models and enables one to deal 
with simple polygons rather than complex surface representations.  The 
present work describes the development of tools and algorithms which 
automatically turn invalid or defective models into valid meshed models. At the 
same time, these meshed models are optimized in term of geometrical fidelity 
and mesh quality so as to make them suitable for accurate analysis and 
visualization purposes.  The work in the thesis is made up of two components: 
the mesh repair algorithms which ensure the validity of the mesh models 
generated and the mesh optimisation algorithms which promise quality 
meshed models. 
 
The first contribution in this thesis is the development of mesh repair solution 
that automatically rectifies common geometrical and topological errors that are 
inherent in the processes of CAD modelling and simulation.  A problem 
 i
detection and identification module is developed which helps users to 
automatically identify problems and errors in their models, instead of 
discovering these problems and errors at a later stage. The mesh repair 
algorithms also replace traditional complex geometry repair processes with a 
novel but simplistic mesh repair technique to create water-tight models that suit 
the meshing needs for finite element analysis.  These algorithms are generic 
and can be applied to many types and formats of CAD/CAE models. 
 
The second contribution is to present a novel hole-filling algorithm that fills 
holes of any arbitrary boundaries in an oriented manifold mesh and ensures 
water-tightness, due to missing surface patches in both 3D surface models and 
faceted models.  The key feature of this algorithm is the capability to 
approximate the missing shape or geometry over the significantly complex and 
large holes.  To cater for complex geometrical configurations, a Genetic 
Algorithm coupled with Rough Set Theory is developed for the purpose of 
optimal triangulation based on a global minimization of dihedral angles. A 
quartic Bézier surface interpolation is then performed over the optimal initial 
triangulation to approximate the shape over the hole.   
 
One difficult task in performing research studies is to bridge research with 
applications.  The third contribution is the discovery of two possible avenues to 
apply the developed techniques, and they are as follows: 
1. Model Feature Suppression based on Hole Repair Algorithm 
2. Restoration and reverse engineering of bio-models, artifacts, and the 
designing of implants in Cranioplasty 
 ii
 The Fourth contribution is the investigation of the use of a genetic algorithm 
(GA) to perform the large-scale triangular mesh optimization process.  This 
optimization process consists of a combination of mesh reduction and mesh 
smoothing processes that will not only improve the speed for the computation 
of a 3D graphical or finite element model; it will also improve the quality of its 
mesh.  The genetic algorithm (GA) is developed and implemented to replace 
the original mesh with a re-triangulation process.  While retaining features is 
important to both visualization models and finite element models, this algorithm 
also optimizes the shape of the triangular elements, improve the smoothness of 
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Product design followed by finite element analysis is a standard design 
process in today’s engineering world. Engineers work using different design 
systems and they eventually transfer data across the systems for design and 
analysis. During this process there is a possibility that the model is not 
transferred accurately and some data may be lost hindering the further design 
process.  This research work addresses such issues by focusing on 
developing algorithms and techniques that automatically turns invalid or 
defective models into valid meshed models. At the same time, these meshed 
models are optimized in terms of geometrical fidelity and mesh quality so that 
they are suitable for accurate analysis and visualization purposes. 
 
1.1 Bad Geometry/Mesh 
 
There are five trends that influence the need for CAD data repair: ubiquitous 
CAD, improving CAD technology, legacy models, geometry based meshing, 
and increasing demand to re-use CAD geometry for engineering analysis.  It 
has been accepted by many that modification of a model is often a necessity 
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as a precursor to effective mesh generation. However, editing the geometry 
directly is often found to be cumbersome, tedious and expensive.  
 
Overview of problems in model generation in the areas of finite element 
modeling and visualization that are summarized from [4, 5, 8-10] are: 
1. Geometrical and topological errors due to model translations, model 
acquisitions, model creation and handling. 
2. Quality of mesh – triangle quality, mesh topology and mesh resolution 
(visualization) 
3. Complexity – feature considerations, mesh adaptability. 
4. Fidelity and accuracy – Good representations to the geometric models, 
able to assure high level of accuracy in analysis and visualization. 
5. Speed – Time-saving in terms of human intervention and computational 
time. 
6. Un-guaranteed Quality of Current Repair Tools. 
 
In the design of complex parts involving free form or sculptured surfaces, the 
design is usually represented by a Boundary representation model.(B-Rep 
model).  B-Rep models are often converted into the popular STL model 
(faceted models), that are common in areas such as the automotive industry 
that involves repaid prototyping or solid machining.  Faceted models are also 
widely used in graphics and visualization.  In preparing a CAD model for 
translation from system to system and for numerical simulation, one of the 
critical issues involves the rectification of geometrical and topological errors. 
Though visually insignificant, these errors hinder the creation of a valid finite 
 2
element model of good mesh quality.  Translation errors can produce in-
congruencies leading to the formations of gaps and overlaps of the mesh of 
the surfaces, as well as inconformity across the boundaries of the surfaces.  
Others prominent errors, such as missing surfaces which eventually contribute 
holes in the meshes, hinder the users from creating water-tight meshes which 
is essential for volume mesh generation.  These errors occur even in data 
created with some of the best solid-modeling systems, such as Pro/Engineer 
or systems based on the Para-solid kernel developed by EDS.Unigraphics.  
Even straightforward processes, such as programs that produce the stereo-
lithography (STL) format used by rapid prototyping systems, may fail because 
of cracks or slivers in the geometry.  Interpretation of CAD geometry for 
commercial finite element software such as ANSYS would need something 
more than a translator program. 
 
1.2 What is Mesh Repair 
 
In preparing a CAD model for numerical simulation, one of the critical issues 
involves the rectification of geometrical and topological errors.  Though visually 
insignificant, these errors hinder the creation of a valid finite element mode 




Table 1.1  Typical geometrical and topological errors. 
Typical Geometrical errors Typical Topological errors 
1. Cracks 1. Missing parts / surfaces 
2. Gaps 2. Trimmed surfaces with   holes 
3. Overlapping of surfaces 3. Duplication 
4. Sliver surfaces 4. Inconsistent surface orientation 
 
The criterion of a good mesh repair in the areas of finite element modeling and 
visualization that are summarized from [4, 5,8-10] are as follows: 
1. Able to rectify geometrical and topological errors due to model 
translations, model acquisitions, model creation and handling. 
2. Able to produce good mesh quality with good triangle quality, water-tight 
mesh topology and desirable mesh resolution (visualization). 
3. Able to handle highly complex models with considerations of features 
present in the models and provide mesh adaptability. 
4. High fidelity and accuracy – the repair algorithms will ensure that the 
repaired models are good representations for the geometric models or 
for satisfying the users’ desires, which lead to high level of accuracy in 
analysis and visualization. 
5. Able to save the tons of effort and time wasted in repairing CAD models; 
in terms of human intervention and computational time. 
6. Able to reduce human errors by making correct decision for the users 
during the repair processes.  
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1.2.1 Repairing Geometrical Errors: gaps, overlaps and T-joints 
 
Figure 1.1(a) shows an example of a surface mesh of an aircraft.  In Figure 
1.1(b), the regions of in-congruency are shown by lines marking the edges 
which are one-manifold. These in-congruencies are caused by gaps and 
overlaps of the mesh of the surfaces, as well as inconformity (T-joints) across 
the boundaries of the surfaces. 
        
(a)      (b) 
Figure 1.1 (a) Surface mesh of an aircraft, (b) Gaps, overlaps and non-conforming 
edges. 
 
1.2.2 Repairing Topological Errors: Complex holes or missing 
surfaces 
 
Triangulated models or mesh-based models are used widely to represent an 
object in many computer-aided engineering and modelling applications. In 
some cases, triangulated models are the only available representation, for 
example, in reverse engineering applications and bio-medical or geo-technical 
applications where natural processes are simulated. Using surface-fitting 
techniques to model these data with analytical surfaces, like NURBS (Non-
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uniform Rational B-Splines) surfaces, can be extremely challenging. Moreover, 
hardware-based data acquisition techniques used to obtain triangulated models 
often result in missing entities and this is manifested as holes in the models.  In 
addition to these problems, translation of models from different file formats or 
platforms often results in missing triangles or surfaces. In order to prepare a 
watertight triangulated model, the holes need to be patched up. When the hole 
occurs over a non-planar region, the underlying geometry needs to be 
approximated so that the filled hole conforms to the intended shape.  
Unfortunately, the hole-filling process is time consuming when performed 
manually and it is desirable to have an automatic hole-filling algorithm that can 
approximate the missing geometry with good fidelity. 
 
In this work, the objective is to develop a robust and automatic technique for 
filling holes in triangulated models such that the underlying shape is 
approximated with good fidelity.  This method uses Genetic Algorithm to 
obtain a valid and optimal initial triangulation even when the hole is 
geometrically and topologically too complex. The shape approximation 
capability is achieved by exploiting the geometric information provided by the 
mesh that surrounds the hole. This allows us to model the underlying shape 
by making use of as much localized information as possible, hence allowing 
varying curvatures to be modelled. A customized Advancing Front meshing is 
then performed over the approximated shape to generate an unstructured 
triangular mesh over the region. This method is not only well suited for the 
automatic repair of mesh models used in simulation-driven applications, but it 
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can also be used to restore incomplete or impaired biomedical models 
obtained from data-acquisition devices, such as in cranioplasty applications.  
 
1.3 Mesh Optimisation using Biologically-inspired algorithms 
– Genetic Algorithms (GA) 
 
Computer-aided design is a complex engineering activity.  The design task can 
often be seen as an optimization problem in which the parameters or the 
structure describing the best quality design are sought.  Genetic algorithms 
(GA) constitute a class of search algorithms especially suited to solving 
complex optimization problems. In addition to parameter optimization, genetic 
algorithms are also suggested for solving problems in creative design, such as 
combining components in a novel, creative manner.   
 
There are two main motivations in this particular work: 
1. To improve the mesh quality of a finite element model with poorly shaped 
elements and to reduce computational time by cutting down the number of 
elements of the original finite element model that are finely meshed.  
2. To handle and reduce complex 3-D models which are difficult to render fast 
due to the large number of triangles present. 
 
The goal of most finite element analyses (FEA) is to verify the suitability of an 
engineering design. The challenge is to build a sufficiently accurate model in 
the available time. One of the most time-consuming tasks in building a finite 
element model is the generation and optimization of the finite element mesh.  
The number of triangles or elements can be further increased or decreased 
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depending on the application requirement as long as the data in these meshes 
would not affect the accuracy for the simulation processes.  Also, real-time 
graphics are becoming increasingly prevalent in our world. Computer games, 
training simulations and medical imaging all rely on interactive graphics. For 
the most part, complex geometric models comprising of meshes of triangles 
are the backbone of such systems. When digitizing a part, in order not to miss 
any detail of its geometry, a large number of measurement points are normally 
collected.  Such models allow us to display arbitrary model geometry in real 
time, but there is a significant rendering cost in drawing all those triangles. 
Reducing the number of triangles in our models would allow us to render 
scenes faster and to render bigger and more complex scenes interactively. In 
fact, keeping lots of data points in planar or nearly planar region is rather 
unsophisticated. 
 
1.4 Thesis Layout 
 
The thesis is organized as follows:  
In Chapter 2, a detailed literature survey was done in relation to the research 
work in the areas of model and mesh repair, mesh optimisation and genetic 
algorithms in meshing. 
 
In Chapter 3, the research objectives are defined and focus on the to-date 
research drawbacks in the area of mesh repair and optimization. 
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In Chapter 4, an automatic mesh repair algorithm for triangular meshes with 
cubic curve approximation is discussed.  This discussion includes the mesh-
repair components and highlights several algorithms that handle typical errors 
such as gaps, overlaps, holes and slivers that are often present in geometrical 
and meshed models.   
 
In Chapter 5, an automatic high fidelity hole-repair algorithm in meshes with 
shape prediction is introduced to handle holes of any arbitrary boundaries in an 
oriented manifold mesh that ensures water-tightness of the mesh after 
patching the missing surfaces.  The key feature of this algorithm is the 
capability to approximate the missing shape or geometry over the significantly 
large hole. 
 
In Chapter 6, various techniques and new potential applications that make use 
of the techniques and algorithms that are developed for mesh repair are 
introduced.  This research leads to potential applications such as the 
development of a mesh feature suppression function and a design aid for 
cranioplasty: the process of restoring defects, usually holes, in the human 
skull. 
 
In Chapter 7, a novel technique that involves the use of biologically-inspired 




In Chapter 8, two case-studies consisting of erroneous meshed models, 
undergoing the repair and optimization processes base on the algorithms 
developed in chapters 4-7, will be presented.
 
In Chapter 9, the contributions of the thesis are highlighted and the 
conclusions as well as some future work recommended to the thesis are also 
discussed.
 
Last but not least, the reference works in this thesis and the journal and 
conference publications arising from this thesis, which have been submitted or 
accepted for publications, are listed.  
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Chapter 2:  
Literature Survey 
 
Many models contain geometric elements that cause problems for programs 
and processes that employ CAD geometry. The errors may include cracks and 
sliver faces, poor accuracy, and loss of the relationships between edges and 
surfaces. Some solid models may enclose parts of themselves.  Some edges 
may become disassociated from model faces or contain loops or knots.  
 
These errors occur even in data created with some of the best commercial 
solid-modeling systems.  They can be due to user error. However, poor user 
training or sloppiness is not the only cause of all bad data. In the course of 
developing a design, it is common to add or delete features or to move them 
around.  Occasionally, a feature may be squeezed until it is nearly invisible, or 
two features may overlap and leave a sliver or crack between them.  Such 
errors can easily be un-noticed.  Setting model tolerances too loose can create 
unacceptably large gaps between model faces and edges, and modelers with 
very tight tolerances can cause errors by generating unrealistically small faces 
and edges needed to fill in the gaps between surfaces.  If the CAD geometry is 
used for finite element analysis or translated to another CAD system via Initial 
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Graphics Exchange Standard Format (IGES) [1] or Standard for the Exchange 
of Product model data Format (STEP) [2], then seemingly insignificant errors in 
geometry can cause big problems. Cracks and sliver faces can cause 
problems in finite-element meshing, Stereo-lithography (STL) [3] output, and 
tool-path generation routines. That is because CAD/CAE programs do not see 
a whole part the way the human mind perceives it.   
 
Presently there are many commercial software modules, such as 
TransMagic™ Plus, CAD Doctor by Elysium and CADfix by TranscenData,   
which claim to be able to perform automatic geometry repair.  However, these 
third party software modules can only rectify common geometry problems 
encountered prior to a simulation session.  A successful or unsuccessful 
outcome is possible.  Thus there is yet no absolute solution for geometry/mesh 
repair of CAD models. 
 
2.1 Current-State-of-the-Art on Gaps and Overlaps Repair 
 
Most current-state-of-art handles the problem by repairing the geometry 
directly.  Steinbrenner et al. [4] presented an edge merging algorithm trying to 
pair up common edges, allowing adjacent meshes to become computationally 
water-tight via their shared edge curves.  However, the algorithm would not 
work on two edge curves that were adjacent near one end and diverged on the 
other, and it could only perform repairing for errors due to inconsistency in 
tolerances.  Barequet et al. [5, 6] proposed a fault-repair algorithm which 
handled only polygonal model that converted an unordered collection of 
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polygons to a shared-vertex representation to help eliminate error.  However, 
this algorithm was not robust enough as it only targeted at removing bulk 
errors (extraneous geometry) and small positional errors (erroneous 
geometry); and the algorithm might not detect large intersecting polygon.  This 
algorithm also did not handle trimmed patches with intersection curve 
boundaries and general B-rep models involving non-regular arrangement of 
surface patches.  Barequet [7] also proposed using geometric hashing to stitch 
gaps between surfaces. 
 
Murali et al. [8] used a spatial partitioning method to define a watertight surface 
boundary of a model. However, his method did not seem to be able to handle 
geometric intersections.  Peterson et al. [9] developed user-interactive tools for 
the efficient preparation of CAD geometries for mesh generation.  Similarly, 
Morvan et al. [10-11] described a virtual environment that provided tools for 
model correction, controlled primarily by the user.  These user-controlled 
environments proved to be too cumbersome and inefficient for large models.  
Errors were easily missed by the user and new errors might even be 
introduced and the algorithm was not robust enough.  Turk et al. [12] focused 
on a topological construction method of removing overlaps of polygon by 
clipping them against each others in order to generate polygonal models from 
range data.  Unfortunately, it did not consider geometric intersections and 
inconsistent topology that might be present.  Yau et al. [13] presented a 
surface reconstruction algorithm for the global stitching of STL models.  It was 
however not as efficient as all data points were involved in the process and a 
complex model might take a long time to get ‘stitched’.  This method also could 
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not tackle complicated or small features, e.g. a fine comb shape model.  Hu et 
al. [14] developed an algorithm which made use of an overlay grid method to 
fill holes and gaps, and remove overlapping areas.  However, the repaired 
geometries might differ from the actual desired.  Makela and Dolenc [15] used 
local technique for filling gaps and cracks on the surface models, but when a 
large number of these gaps and cracks were involved, this gap/hole filling 
method might cause the number of polygons that described the surface to 
increase tremendously.  Sheng and Meier [16] used a zipping operation on 
small gaps between surface, which was slightly similar to the present proposed 
method, but they only focused on topological construction and did not consider 
geometric intersections.   
 
The first positive result on slivers was an algorithm by Chew [17] that 
eliminated 3D slivers by adding new points to generate a uniformly dense 
mesh.  In a recent breakthrough, Cheng et al. [18] showed the use of assigned 
weights to the points so that the weighted Delaunay triangulation was free of 
slivers without adding new points.  Edelsbrunner et al. [19] removed slivers 
using Delaunay triangulation algorithm with a ratio property of the bounded 
circumradius of the triangles to its shortest edge length. 
 
All the works mentioned above, tend to handle imperfect geometric models, 
turn them into “repaired” geometric models using various, different methods, 
and finally perform mesh generation on the models.  They only address the 
handling of a specific area in CAD repair, such as repairing gaps or slivers 
removal.  Repairing geometry is not an easy task, especially when one is 
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dealing with complex surface and volume representations, and automating the 
full repair process in that manner is almost impossible, not to mention the 
subsequent and more tedious finite element modeling.  In the present work, we 
are looking for a fully automatic, combined solution for CAD repair and finite 
element model generation.   Some works under Leon et al. [20-22] and Noel et 
al. [23-25] focused on idealization processes of FEA model such as surface 
mesh generation techniques dealing with inconsistent geometry and geometric 
adaptation performed on polyhedral representations of the models, and 
attempt to generate a valid finite element triangulation directly from `dirty' 
geometry.  These works are similar to our proposed work in favour, but does 
not satisfy the consistency and fully automation constraints of the proposed 
work.  Table 2.1 shows a summary of some promising current-state-of the-art 
approaches on gaps and overlaps repair.  Most of the methods repair 
erroneous geometric models directly.  However, the repaired geometries may 
differ from the actual desired. 
 
Table 2.1 Summary of Some Current-State-of-Art on Gaps and Overlaps repair  
State-of-art Methodology What it can do Limitations/ Remarks 
Intersection computation 
with structured grid. 
Recreate geometry from 
the intersections of the 
hex mesh. 









Cannot tackle complex 
features. 
Cleaned geometries may 
differ from the actual desired. 
J. T. Hu [14] 
Procedural  No repair to missing 





meshes are rendered 
watertight through 
recursive splitting and 
merging of edge curves. 




areas JP Steinbrenner 
[4] 
Triangular-elements are used 
for surface meshes. Only 
perform repairing for errors 
due to inconsistency in 
tolerances. 
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Algorithm is not robust 
enough. 
Only targets at removing bulk 
errors (extraneous geometry) 
and small positional errors 
(erroneous geometry). 
Converts an unordered 
collection of polygons to a 
shared-vertex 
representation. Allow 
user to visualize the 
errors and override 
corrections through 
implementing a feedback 
system 
May not detect large 
intersecting polygon. (A small 
box lying on top of a large box 
always results in two separate 
solids).   
Repair by Shifting 
vertices of 
Polygons 







This algorithm does not 
handle trimmed patches with 
intersection curve boundaries 
and general B-rep models 
involving non-regular 
arrangement of surface 
patches 
No control on the topology of 
the result, which can be 
significantly different from the 
input. 









Determine regions of 
space that lie inside a 
solid using spatial 
partitioning, and use the 
partition as the 






T. Murali [8] 
Works badly in the presence 
of degeneracy or narrow 
angles between adjacent 
polygons. 
May mishandle missing 
polygons and add cells that 




proves to be too cumbersome 
and inefficient for large 
models; 




areas and do 
most of 
repairs. 
A virtual environment that 
provides tools for model 
correction, controlled 
primarily by the user. 
Virtual tools for 
model correction Errors are easily missed by 
the user and new errors may 
even introduce. 
S. M. Morvan [10] 




method to remove 
overlaps of polygon by 
clipping them against 
each other in order to 
generate polygonal 









Inconsistent topology may be 
presence. 
G. Turk [12] 
Fill gaps in the boundary 
of a polyhedron by adding 
new faces to close the 
gaps.  It is done so by 
connecting points along 
the same or different 
borders. 
When a large number of 
cracks is involved, simple-
minded hole filling may result 
in an explosion of the number 
of polygons needed to 









2.2 Current-State-of-the-Art on Hole-Filling Techniques 
 
Hole-filling can be performed as a pre- or post-processing operation, applied 
after surface reconstruction, or it can be integrated into a surface 
reconstruction algorithm.  Holes which have generally convex boundaries 
and which lie over a nearly planar region can be mapped to a disc topology. 
In these cases, simple triangulation algorithms can be employed [26, 27] to 
repair the holes.  However, when the holes have convoluted boundaries or 
when they lie over a highly non-planar region, such as sharp curves, joints or 
crevices, these methods will not work well [28, 29].   For such holes, having 
multiple boundary components, many topologies are possible; hence the 
problem becomes even more difficult. This problem often arises when the 
model is acquired via hardware scanning or when the model is reconstructed 
from segmentation images from medical scans.  
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In general, hole-filling algorithms of triangulated many triangulations, and 
model can be categorized into the voxel-based approach or the model-
based approach. In the voxel-based approach, the polygonal model is 
converted into a volumetric representation consisting of discretized 
volumes called voxels. Signs are then assigned to the voxels representing 
the interior or exterior of the model. Different techniques are then used to 
patch up the holes by closing up the gaps in the volumetric space.   
 
Curless and Levoy [30] employed a space carving and iso-surface extraction 
technique to fill holes in the volumetric grid. In the work by Davis et al. [31], 
gaps in the volumetric space were filled using volumetric diffusion.  The dual 
contouring technique recently proposed by Ju [32] had the advantage of 
modeling sharp features in the original model. 
 
In the model-based approach, holes are patched by working directly on the 
triangles. Holes with regular boundaries over a relatively planar region can be 
easily patched as demonstrated by [26, 27]. However, over irregular 
geometry, the underlying shape has to be estimated. To address this issue, 
Carr et al. [33] used a surface interpolation technique which fitted the depth-
maps of a surface with radial basis functions. The advantage of using radial 
basis functions was that holes with irregular geometry could be handled with 
fewer restrictions. This method worked well with convex surfaces but difficulty 
arised when the underlying surface was too complex to be described by a 
single-valued function. Also, this method currently applied only to regular 
rectangular grids and it was not clear how the method could be extended to 
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unstructured triangular meshes. Liepa [34] employed an umbrella-operator to 
fair the triangulation over the hole to estimate the underlying shape.   
 
Chui et al. [35] filled N-sided polygonal holes using an energy minimization 
technique.  They employed a C1 piecewise cubic triangular spline functions to 
construct the filling surfaces.  However, most hole filling researches worked 
well with relatively small holes with respect to the entire models, in smooth 
regions where curvatures’ values were low with minimum convolutions. 
Jun[36] used a robust piecewise technique to perform hole partitioning.  This 
method worked well with large holes, but when there were a lot of 
convolutions in the hole, his method has difficulties in generating consistent 
filling surfaces that match and blend well with the regions at a hole. 
 
2.3 Current-State-of-the-Art on Meshing Algorithms using 
Genetic Algorithms (GA) 
 
As a result of their global optimization property [48, 49], Genetic Algorithms 
(GAs) have been widely used in various fields such as state space search, 
nonlinear optimization, machine learning, traveling salesman problems, etc. 
[50]. Both theoretical [51, 52] and experimental studies [53, 54] show that 
the genetic technique is an efficient and robust heuristic for search in 
complex spaces solving complex optimization and combinatory optimization 
problems.  In recent years, preliminary study on GAs in triangulation has been 
reported.  Absaloms and Tomikawa proposed a GA to triangulate two adjacent 
contour data from a digitized geographical map [55].  They claimed that GA 
based triangulation was a relatively simple technique and could be 
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implemented by parallel processing.  A GA based method for simple 2D 
triangulation was also reported recently [56].  In the report, the GA based 
triangulation was compared to the result from greedy triangulation. It was 
concluded that GA based method would lead to better optimization results. 
 
Genetic algorithms were first developed by John Holland at the University of 
Michigan in the mid 70s and were the subjects of much research today. G.A.s 
are robust and, although they may not find a perfect solution, they come close 
enough for most engineering work for a wide verity of problems. Multimodal 
and highly discontinuous problems are taken in stride by G.A.s. There are 
numerous variations on G.A.s including different types of crossover algorithms, 
hybrids combining G.A.s with fuzzy logic, simulated annealing and neural 
networks.  Hamann proposed a data reduction scheme for the triangulated 
surface [57]. He removed a triangle based on the curvatures at the three 
vertices. A user could specify a percentage of triangles to be removed.  His 
research had smooth surface fitting in mind.  Hoppe et al. [58] used an energy 
function to represent the trade-off between geometric fit and compact 
representation. A user desired parameter was used to control the trade-off 
between geometric fit and compact representation. A large value indicated that 
a sparse representation was strongly preferred, but at the expense of 
degrading the fit.  A merging algorithm based on edge collapse was proposed 
for automatically computing the approximations of a given triangulated object 
at different levels of detail [59]. Edges were queued according to their cost 
functions, which indicated the error caused by edge collapse. Approximation 
levels were controlled by prescribing geometric tolerances.  Gieng et al. [60] 
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classified mesh simplification algorithms into three types: removing vertices, 
removing edges and removing faces. 
 
2.4 To-date Research Drawbacks on Mesh Repair and 
Optimization 
 
The limitations of current research work on mesh repair and optimisation are 
summarized as follows: 
 
1. So far, there is no noteworthy attempt to automate the processes of 
various model repairs as a single process that handles all the 
common errors that are present in defective models. 
2. Some researches repair model in their geometrical forms.  This 
approach is very challenging but demanding.  It is difficult to 
manipulate and modify geometric entities like curves and surfaces in 
a model. 
3. Defective models contain many missing information.  Many 
researches in the area of model repair put emphasis on obtaining 
valid and usable models suitable for analysis.  They do not focus on 
the quality of the repaired models in terms of geometric fidelity to the 
original or user-intended shape of the model, for example, how to 
shape a large hole when being filled or, how the intersection edges 
will be like when closing gaps in between disconnected surfaces. 
4. Many researches have been carried out in the area of optimizations 
using biologically–inspired algorithms such as the Genetic 
Algorithms (G.A.).  However, most mesh-related processes favour 
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heuristic techniques coupled with brute force computing methods, 
due to the advancement in computing technologies.   Little 
exploration was done in the meshing processes such as mesh 
coarsening, refinement, smoothing and optimization in mesh quality, 
using such algorithms.  Since the repaired models will eventually be 
served as visualization or analysis models, it would be interesting to 
investigate if biologically-inspired algorithms, such as G.A., can bring 
novelty to mesh processing. 
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Chapter 3:  
Research Objectives 
 
3.1 Research Objectives and Approaches 
 
This research explores methodologies to reduce design cycle time at the pre-
processing stages of the simulation process. It aims to reduce human 
intervention via replacement with intelligent and automatic algorithms for 
polygonal model repair, modification and mesh generation. This new approach 
holds the promise of higher fidelity levels, higher automation levels, speed and 
robustness when compared to more traditional interactive cleanup 
methodologies.  
 
As such, the research objectives of this thesis are listed as follows: 
 
1. To attempt to automate the processes of various model repairs as a 
single process that handles all the common errors that are present in 
defective models, so as to reduce human effort and computational 
costs. 
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2. To put emphasis on mesh repair and to deny model repair in their 
geometrical forms.  This approach requires all kinds of geometrical 
models to be converted into mesh forms to under go the automatic 
mesh-repair process. 
3. Although defective models contain limited information.  This 
research believes that the quality and fidelity of a computational 
model is as importance as its validity and usability.  Attempts will be 
made to perform mesh repair with shape predictions to create good 
representations for the geometric models or for satisfying the users’ 
desires, which lead to high level of accuracy in analysis and 
visualization. 
4. Meshes will be optimized in terms of the shapes of the models, the 
quality of the meshes (for analysis models) and the resolution of the 
meshes (for visualization models).  Novel attempts using Genetic 
Algorithms to optimize meshes will be made. 
 
Often, inexperienced users may not even able to decide how the defective 
models are to be repaired.  They may also not able to visualize how the 
repaired models will appear to be like.  As shown in Figure 3.1, one key 
contribution of this research is not only to ensure validity of the repaired 
models, but also to ensure quality in the repaired models by repairing them as 
close as the actual desired, through making intelligent decisions based on 
heuristics with suitable shape approximations, geometrical interpolations and 
optimizations.   
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Figure 3.2 shows the proposed automatic operation sequence of the repair 
process for typical models such as solid and surface models, faceted models 
and finite element mesh models.  The data will be interpreted to identify 
problems, followed by a series of repair algorithms to tackle each individual 
error.  The final product will be a 2D or 3D finite element model with perfect 
topology and quality mesh. 
 
 
Repair & Optimisation 








Mesh Repair Quality 
1. Approximate shapes 
2. Surface interpolation  
3. Mesh conformity 
Mesh Optimisation  
1. Elements’ quality 
2. Dihedral angles 
3. Mesh sizes 
















• FE mesh 
models 

















Figure 3.2 Proposed automatic repair operating sequence  
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 Input Model 
Non-conformities and T-joints repair using 
nodal insertion and element splitting algorithm. 
Problems/Errors and features 
identification based on initial mesh. 
End 
Hole repair based on shape 
approximation via surface interpolation
Mesh optimization using 
GA 
Sliver removal via element 
reconstruction algorithm 




Figure 3.3 The proposed model repair routine that repair and optimize a mesh model. 
 
The flow of the mesh repair and optimization algorithm is illustrated in Figure 
3.3.  The complete solution will consist of two components, namely the mesh 
repair component and the mesh optimization component.  The first module of 
mesh repair component is an error identification module which is important, as 
it helps the users to check and identify geometrical and topological errors that 
are often not easily noticeable.  The rest of the modules of the mesh repair 
component are different mesh repair techniques which are developed to 
handle different kinds of errors in the models.  The sequence of repairing 
different errors is important and it is proposed to handles the gaps and 
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overlaps, before repairing the holes, which are usually much bigger in size by 
nature.  The mesh optimization component will help to further improve the 
quality of the mesh after it has been repaired.  It will take care of degenerated 
elements, mesh smoothness and other meshing requirements such as mesh 
resolution and mesh adaptivity. 
 
3.2 Benefit of this research 
 
In this research, a full solution is presented to create surface meshes/polygons 
from imperfect models that contain errors such as holes and missing surfaces 
patches, and also undesired surfaces’ or elements’ topology.  A new element 
based hole-filling algorithm is introduced to fill complex holes and to ensure 
water-tightness due to missing surface patches in both 3D surface models and 
faceted models.  We specifically address situations in which the holes are too 
geometrically and topologically complex to fill using normal triangulation 
algorithms.   
 
The benefits of this research include  
 Rapid problem identification of geometric models before models are 
released thus saving the time and expense associated with model 
rework.  Significant reduction of design cycle time through the removal 
of the conventional bottleneck pre-processing procedures. 
 Significant reduction in manpower requirement in the design cycle 
through the employment of intelligent and automatic algorithms in the 
pre-processing stage. 
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 Significant reduction in human error caused as compared to traditional 
method of manual repair and mesh generation of highly complex 
geometries. 
• Significant reduction of design cycle time through the full dimensional 
reduction or partial reduction (mixed model) of the solid model to be 
analyzed. 
• Techniques developed in geometry and mesh repair have high potential 
of cross disciplinary applications, such as visualization and bio-medical 
modelling, etc.  Some of these techniques may even evolve into useful 
solutions for CAD modelling applications, such as model reductions, 




Chapter 4:  
Automatic Mesh Repair for 
Triangular Meshes with Cubic  
Curve Approximation 
 
Current state-of-art algorithms handle the problem of gaps and overlaps by 
repairing the geometries directly.  The novelty of the proposed method is that 
the mesh-repair process is to include model repair and mesh generation into a 
black-box. The mesh-repair algorithm essentially simplifies the problems of the 
imperfect models and allows one to deal with simple polygons rather than 
complex surface representations.  This proposed work will address typical but 
hard-to-handle errors such as gaps, overlaps, T-Joints and slivers.   
 
4.1 Proposed Methodology 
 
A heuristic method is proposed based on the observation that most of the gaps 
and overlaps occur due to the file translational and numerical errors in the 
computation of vertex coordinates.  The proposed mesh-repair algorithm 
enables repair to be done to the CAD model at the meshing stage.  The 
method is well suited to repair models for mesh generation, finite element 
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analysis and visualization applications needs.  One of the important 
contributions made in this research is the development of a problem 
identification module.  This module essentially help users to automatically 
identify problems and errors in their models, instead of discovering these 
problems and errors themselves at a later stage when they have already spent 
days and weeks in building the computational models.  The key features that 
identify the errors and enables full automation are described in Table 4.1. 
 
The proposed approach aims to correct the errors of a geometric model after 
the process of mesh generation.  The algorithm will handle the following errors: 
(i) Gaps between the surfaces. Gaps are typically formed between 
adjacent surfaces where their supposedly common edges do not 
match. This can be due to modeling error or truncation error during 
the exporting and importing process. 
(ii) Overlaps of geometry. Small overlap can be detected by checking 
the proximity between a pair of candidate surfaces and their edges. 
Similarly, overlaps arise due to modeling error or truncation error 
during the exporting and importing process. 
(iii) T-joints. T-joints arise due topological errors as a result of non-
congruency between surfaces that are connected to one another. 
The connection is such that an edge is one-manifold. This condition 
is unacceptable since a valid 3D model requires that it is watertight.  
(iv) Sliver surfaces. A typical sliver surface is long and slender. In the 
geometrical sense, the ratio of its surface area over its perimeter is 
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significantly small in value.  The mesh of a sliver surface tends to 
yield elements of very poor aspect ratio.  
(v) Simple hole. A hole is present when a surface is missing from the 
CAD model.  To enable the model to be water-tight, holes will need 
to be patched.  In this chapter, typical simple holes are defined as 
holes which are near planar and a simple advancing front meshing 
technique is introduced to fill up the holes.  Subsequently in the 
following chapter, more sophisticated algorithms are implemented 
when dealing with holes which are highly complex in shapes. 
 
Table 4.1 Problem Identification Module: Detection of geometric/topological errors 
Errors or 
Uncertainties 
Type of CAD 
Errors 
 Identifying features 
Manifold / non-manifold 
surface (geometric 
/mesh) representations.  
1 Geometrical Free edges of FE elements. 
Free edges of FE elements. Proximity 
checks based on merging tolerance for the 
free nodes merging method. 
Small gaps and 
overlaps.  
2. Geometrical 
Free edges of FE elements. Gaps filling 
and overlaps removal methods (similar to 
hole-filling) . 









Must be able to identify 1 correct element 
orientation and the rest of the elements 
follow suit. 
5. Surface Orientation. Geometrical 
Minimum angles between edges of a FE 
element and the tolerable minimum width 
value of the element. 
Sliver surfaces or non-
regular mesh. 
6. Geometrical 
Close loops made up of free edges for 
non-manifold surface representation. 
7. Holes. Topological 
 31
Irregularly large holes, etc. If the model is 
an originally solid model, then these 
surfaces will be patched using the hole-
filling algorithm. 




The self-repair technique developed using mesh-repair algorithm works on any 
meshed model or geometric models with surface definitions.   Traditional 
model repair, except for repair of finite element models, focuses on geometric 
repair first before getting into mesh generation.  The main contribution of this 
work is the replacement of traditional complex geometry repair processes with 
a novel but simplistic mesh repair technique.  The physical geometric model 
will not be repaired, but instead the errors will be removed in the finite element 
model.  Small gaps, overlaps, T-joints and holes will be tackled in this work.   
 
Figure 4.1 shows the automatic repair operations developed in the current 
research.  To enable fully automation, all input values used at varies steps are 
to be input from the start and the following steps are carried out: 
1. Introduce the model. If the model is a non-meshed model, mesh the 
model using triangular elements via a paving algorithm.  The user 
will input the element’s edge length (or the element’s size). 
2. The program will search through the model for free elements’ edges 
(free edges). 
3. If any free edges are detected, it will first undergo the gap-repair 
algorithm which will be described in section 4.2.  This will heal gaps 
and overlaps between the elements whose nodes are within the 
merging tolerance (another input value).  The default merging 
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tolerance value in this program is a small faction of the initial input of 
the element’s edge length. 
4. If the gap’s size is within the merging tolerance, and the merging 
distance between two nodes is larger than the merging tolerance 
value, a T-Joint repair algorithm is applied.  It will perform splitting on 
the elements to ensure conformity along the common, merging 
edges.  This algorithm is discussed in section 4.3 
5. If there still exist free edges but no free edge-pair are within the 
merging tolerance, they will be treated as large gaps which will be 
filled up with elements instead of just stitching the gaps.  One type of 
large gaps is holes.  Closed loops of connecting free edges are 
defined as holes.  Hole-filling is carried out using a triangular 
element-filling algorithm based on the advancing front method which 
will be discussed in section 4.4. 
6. During the gaps and holes repair, highly skewed triangular elements 
are introduced and these skewed elements will be eliminated using 
an element reconstruction algorithm presented in section 4.5.  This 
algorithm can also be used to eliminate the mesh over sliver 
surfaces and sliver holes.  Finally, a mesh model free of gaps, 




Initial imperfect geometry containing:  
1. gaps and overlaps 
2. T-joints 
3. simple holes or missing surfaces 
4. slivers
Create initial mesh on available surfaces using a 
node placement and a triangular mesh generation 
algorithm described in section 2.1. 
Errors are identified based on the features on the 
initial mesh according to Table 1. 
 




Holes are detected with the presence of  
free nodes and free edges in the model  
which are positioned more than the merging  
tolerance value apart from one another.  A  
closed loop form by free edges represent  
an enclosed hole or a missing surface. 
Gaps, overlaps are identified when the  
distance between any two free nodes is  
within the user’s specified merging  
tolerance value. 
 
A T-joint is identified when any free node 
is close proximity (user’s defined)  
from a free ed
Gaps and overlaps are identified and solved using a 
nodal merging algorithm describes in section 2.1. 
T-joints are identified and solved using a nodal 
insertion and element splitting algorithm 
describe in section 2.2. ge. 
An Element-Filling Algorithm detects and repairs 
holes or missing surface patches in section 2.3. 
In this work, the absence of free edges or nodes will 
signify the model is free of gaps, overlaps and 
holes. 
Skewed elements are detected based on the  
minimum edge length and minimum angles  
within the triangular elements.   
 
This mesh smoothening algorithm is very  
important as it removes the degenerate  
elements created during the handling of  
T-joints as describe in section 2.2. 
An Element-Reconstruction Algorithm that 
repairs sliver mesh patches and eliminates skewed 
elements is described in section 2.4. 
Two main methods in the reconstruction algorithm: 
1. Skewed elements removal by merging nodes. 
2. Edge swapping based on overall shape factor. 
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4.2   Automatic detection and closing of gaps and overlaps 
 
Small gaps and overlaps are typically formed between adjacent surfaces 
where their supposedly common edges do not match.  This can be due to 
modelling error or truncation error during the exporting and importing process. 
They can be detected by checking the proximity between a pair of candidate 
surfaces and their edges. Traditionally, small gaps and overlaps are detected 
by checking the closeness of two edges.  This problem can be difficult when 
the two edges are totally different in length.  The proposed nodal merging 
algorithm will sow mesh seeds along the edges of the original model and 
thereafter create the surface mesh with triangular elements conforming to the 
mesh seeds.  Nodes on the free element edges will be merged if they are 
within a user-specified tolerance.  The merging of nodes will be done by 
shifting the nodal positions based on a tangential interpolation.   
 
Intersecting lines created based on 





Shifting of node to 
merging location 
 
(a)      (b) 
Figure 4.2 (a) Gap between two meshed surfaces; (b) Gap closed by merging nodes. 
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The boundary mesh seeds will be replaced by nodes after meshing is 
performed.  Starting from the boundary mesh seeds created, we use a paving 
method to mesh all the surfaces such that all the boundary mesh seeds will be 
replaced by boundary nodes.  The Original model is discretized with triangular 
elements.  From here, free nodes will be paired along the gaps and overlaps 
based on merging tolerance specified by user.  Merging of nodes alongside a 
boundary edge curve is carried out to remove gaps and overlaps.   Figure 4.2 
demonstrates how a gap is being closed up.  When a node-pair is being 
detected, a line is formed from intersecting two tangential planes at the two 
merging nodes.  These two nodes are then projected onto the intersecting line 
as shown in Figure 4.2(a) and the midpoint of the two projected locations will 
be the merging point of the merging nodes.  If the intersecting line is too far 
away from the free nodes, or no intersecting line is created when the two 
planes are parallel to each other, then the merging point will be the midpoint of 
the original positions of the two merging nodes.   
 
Figure 4.3 shows the flow of the initial meshing of the imperfect model and the 
repair of gaps and overlaps using the nodal merging algorithm.  This process 









Figure 4.3 Stitching of gaps and overlaps using the nodal merging algorithm 
 
4.3   Automatic detection and stitching of T-joint 
 
After the gap-closing process in section 4.2, free node-pairs (nodes that belong 
to free element’s edges) that are within merging tolerance value will not exist.  
However, T-joints arise due to topological errors as a result of in-congruency 
between surfaces that are connected to one another, and the nodes alignment 
along the common edge curve is very bad. This condition is unacceptable 
since a valid 3D model requires that it is watertight. The gap at a T-joint can be 
non-zero, but must be within the merging tolerance value to repair the T-joint.  
The stitching of T-joints will be achieved by a nodal insertion and element 
splitting algorithm to realize a conforming mesh along the T-joint.  This nodal 
insertion and element splitting algorithm, as shown in Figure 4.4 and illustrated 
in Figure 4.5, is as follows: 
Node-pair within merging 
tolerance? 
Yes 
No End of Nodal merging 
algorithm 
Merging occurs at the 
intersections of the 
tangents of the elements of 
the node-pair.
Check for the presence of 
free nodes and free edges 
of the elements 
Nodal Merging 
Algorithm collapses the 
two nodes at the 
determined location.
Goto T-Joints’ detection 
and stitching. 
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1. For every available free edge, the algorithm will perform a local 
search for nearby free nodes that are within the specified merging 
tolerance distance perpendicular to that particular free edge.  A 
node-to-edge pair is thus obtained. 
2. The algorithm will obtain the positions of the perpendicular 
projections of these nodes project onto the free edges.  New nodes 
are created on these positions along the free edge, and the 
triangular element connected to this free edge is eventually deleted 
and replaced by new triangular elements, containing the new nodes 
that are created. 
3. The free nodes and their projected new nodes will be merged or 
equivalence. 
 
Figure 4.6 shows some T-joints, each with one surface element connecting to 
two or more surface elements, the nodes along the connecting surfaces will 
not be able to merge due to their relative distance apart as well as non-
conformity.  Additional nodes are created to ensure edge conformity along 
connecting edge curves.  Elements are split with the introduction of additional 
nodes to their free edges.  Since the initial surface mesh consists of only 
triangular-elements, it will be relatively easy to shift the position of nodes, add 
or subtract elements.  Every potential boundary node will not be left out un-
paired; water tight model can thus be achieved.  However special cases do 
exist and extra checking will be needed when performing the pairing and 
merging of nodes. 
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Problem of T-joints resolved by splitting the 
larger elements along the gaps to enable 
conformity along common edges 
 
T-joints present along the 
gap that is within the 
tolerance merging size  





Nodal Merging in 
section 2.1 
Nodal insertion and 
element splitting to 
handle T-joints 
T-joints present.  




YesPresence of free 
node-pair within 
merging tolerance  
Mesh model  
contains free nodes  
and edges 
Output Mesh : 




Figure 4.5 Repair of T-joints 
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(a)       (b) 
Figure 4.6 (a) Original T-Joint with non-conforming elements along the gaps, and 
                            (b)Elements split to obtain conformity along common edges 
 
4.3.1 Approximating boundary curves 
 
 
3The control vertices of the cubic Bezier boundary curve Ci(t) can be obtained 
using a point normal interpolation[18].  To ensure that the feature edges are 
modeled correctly, modifications are made to Walton’s formulation to reflect 











Figure 4.7  Cubic Curve Approximation 
 
The unit normal vector, , as in Figure 4.7, associated with a node on the 




















     (4.1) 
where  is the unit normal vector of the triangle attached to the node, inˆ iα  is 
the angle subtended by the node and m is the number of triangles attached to 
the node. 
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The Cubic Curve Approximation algorithm helps to provide a smooth transition 
at the areas of merging and stitching. The key idea behind this algorithm is to 
incrementally modify the edges of the finite elements so that they conform to 
the curvature criteria specified by the upper and lower bounds defined by the 
user.  These limiting values are defined in terms of the circular segmentation 
method, an interpolation technique, to determine the local curvature of the 
mesh. In this way, the curvature and any new node to be present at any 
location along the curve edge, 3Ci(t), can be accurately calculated as in Figure 
4.7.   Figure 4.8 demonstrates how a gap is being closed up when the 
boundary nodes along the two sides of a gap are not conformed in positions 
and numbers as compared to Figure 4.2.   
        
(a)      (b) 
Figure 4.8 (a) Gap between two meshed surfaces; (b) Gap closed by merging nodes 
using Cubic Curve Approximation. 
 
4.4 Automatic hole filling using a heuristic elements-filling 
algorithm 
 
After closing up the gaps and remove the overlaps, errors such as holes or 
missing surfaces may still present.   In hole-filling, there are two main types of 
holes and they are categorized as simple and ring holes.  A simple hole here is 
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defined as a hole of any shape with only one boundary loop.  A ring hole is 




A simple hole A ring hole 
 
Figure 4.9  Typical examples of a simple hole and a ring hole on a surface 
mesh/polygonal representation 
The steps of the element-based hole-filling algorithm are as follows: 
1. Detect closed loops made up of free elements’ edges.  Handle each 
closed loops one at a time. 
2. Calculate minimum angles, α, between two adjacent free elements’ 
edges of the closed loop. 
3. Fill element within the holes: 
a. If the angle α is smaller than 75o, form a triangular element with 
these two free elements’ edges, edges A and B, as shown in 
Figure 4.10(a). 
o  ob. Else if the minimum angle α is between 75  and 135 , two new 
equilateral triangular elements will be created using the two free 
elements’ edges.  The normals of the two new elements, n1 and 
n , as in Figure 4.11, are calculated from the vectors n, n  and n2 A B 
at nodes 1, 2 and 3 respectively.  The values of n, nA and nB are 
computed using equations (4.8) – (4.12), which calculate the 
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averages of the normal vectors of the adjacent elements of 
nodes 1, 2 and 3 respectively.  The two new nodes of these two 
elements are averaged and merged (see Figures 4.10(b) and 
4.11).  Whenever, a new node is formed, there will be a proximity 
check with the other free nodes.  If any two nodes are within a 
close proximity, as specified by the user, says half the length of a 
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Bnnn +=       (4.12)    
 oc. Else if the minimum angle α is larger than 135 , perform step 5 
except that the third nodes are not required to be merged as 
shown in Figure 4.10(c). 
4. Repeat steps 2 and 3 until the all the holes are being patched with 
triangular elements as shown in Figure 4.10(d). 
 
The numbers “75 and 135” are user-input and they are chosen because the 
best triangular element is in the shape of an equilateral triangle with angles at 
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60 degrees.  Thus, a good tolerable angle size would be 75 degree.  If the 
available angle size is between 75 and 135 degrees, it would be advisable to 
squeeze in two triangles.  This would assure that the triangle will at least have 
a corner with an angle size in between 37.5 and 65.5 degrees.  If the angle is 
smaller than a tolerable value, the particular triangle will undergo element 
swapping or removal in section 4.5. 
 
For cases of ring holes, in Step 1, we have to identify ring holes interactively.  
It is in fact not possible to co-relate the hole’s boundary and its islands 
automatically, especially when both are not in close proximity.  Two or more 
boundary loops will be grouped together if the ring holes are identified.  If they 
are not being identified, then the outer peripheral loop will be treated as a 
simple loop and the inner loop will be treated as a dangling geometry/meshed 
patch, which will be discarded eventually.  The resulting model is still 
topologically consistent; however, its level of fidelity is lowered.  In our 
solution, a function is developed where two nodes, belonging to two different 
boundary loops are identified by user.  The algorithm will search for a shortest 
bridge to be created between these two successive peripheral loops (see 
Figure 4.12(a)).  Elements will be created along this bridge, thus converting the 
ring holes into simple holes (see Figure 4.12(b)).  Using the element-based 
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 and 135o o;  (c) Elements-filling when α is larger than 135 ; and (d) Simple 




















A bridge is formed between two 
peripheral loops 










Figure 4.12  (a) Tackling of a ring hole by forming a bridge between two peripheral 
loops; (b)  Elements are created along the bridge, and (c) Elements created to fill up the 
hole. 
4.5 Automatic detection and removal of skewed elements and 
sliver surfaces.  
 
Automatic detection and removal of skewed triangles is extremely useful and 
important, during the handling of T-joints and holes, when elements of high 
degeneracy are usually generated in these repair processes.  A typical sliver 
surface/triangle is long and slender. In the geometrical sense, the ratio of its 
surface area over its perimeter is significantly small in value.  The mesh of a 
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sliver surface tends to yield elements of very poor aspect ratio.  This is 
undesirable as far as numerical solution is concerned.    
 
To rectify the problem, the method will improve the quality of the meshes of 
sliver surfaces by an element reconstruction algorithm.  This reconstruction 
algorithm performs nodal-merging (as shown in Figure 4.13) and edge-
swapping to improve overall quality of the mesh.  Edge swapping is done by 
changing the connectivity of the common edge between two connecting 
triangles as shown in Figure 4.14. The user input to the reconstruction 
algorithm is the tolerance edge length.  Any elements with edges shorter than 
the tolerance edge length will face the fate of possible elimination or 
reconstruction.  The shape factor, f, and the smoothness angle, α , are the two 
main factors that affect how an element will to be reconstructed or removed.  
These two factors will help to preserve the features in the finite element model.  
In equation (4.13), E represents the equilateral factor of a triangle, and jθ  is 
the internal angles of the triangle.  A triangle having a value of E = 0, denotes 
an equilateral triangle.  The maximum as well as most undesirable value of E 
is 2
3
2 π , thus the value of its shape factor, f, as shown in equation (4.14), is low 
if the shape of the triangle is highly skewed.  The shape factor is a user-input 
value.  Setting of the shape factor to 0.7 would remove all the skewed 
elements that likely to inhibit an analysis.  The elements with edge lengths 
shorter than the input tolerance edge length value and a low shape factor will 
probably undergo an element removal by merging nodes, while the elements 






















f       (4.14) 
Figure 4.13(a) shows an example of a degenerate element with small face 
area and one of the element edges being very small in length as compared to 
the other two element edges.  Figures 4.13(b) and 4.13(c) show that certain 
edges of the degenerate element will be retained.  It is determined by the 
principle angles between the degenerate element’s face and the adjacent 
elements’ faces.  Presently, we are using a default angular value of 135 
degree.  If the angle at a certain edge of the degenerate element is less than 
135 degree, then this element edge will be treated as a feature edge and will 
be retained.  If the angle is larger than 135 degree, the element will be treated 
as if it is lying on a smooth surface and it can be collapsed with an averaging 
method (see Figure 4.13(d)).  Figure 4.14 shows another example of a 
degenerate triangular element that has small face area.  The reconstruction of 
the degenerate mesh will be performed edge swapping as shown in Figure 
4.14(b), if edge B or edge C are feature edges.  If edge A is to be retained, the 
reconstruction of the degenerate mesh will be done as shown in Figure 
4.14(c).  Figure 4.15 shows an example of the reconstruction of the mesh of a 
sliver surface.   
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A 





   
Figure 4.13  (a) Original degenerate mesh, (b) Edge A is a feature edge, 
(c) Edge B is a feature edge, and (d) Both edges are non-feature edges. 
 
  
Figure 4.14 (a) Original degenerate mesh, (b) Collapsing algorithm if line A does not 
need to be retained, and  (c) Collapsing algorithm if line A need to be retained 
 
Degenerate element reconstructed 
(c) 








Degenerate element collapsed 
(c) 
Degenerate element collapsed 
(d)
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Sliver surface meshed with 
degenerate elements 
(a) 
Mesh reconstructed by collapsing 
degenerate elements 
(b) 





4.6 Results and discussions 
 
Figure 4.16(a) shows an example of a surface model of a cube that is made up 
of disconnected surfaces with gaps and holes present.  The mesh healing 
algorithm will first mesh the disconnected surfaces as in Figure 4.16(b) and 
then the gaps and overlaps in between the elements are closed and removed 
respectively to create close topology for the manifold model as shown in Figure 
4.16(c).  The skew elements, caused by the element-splitting method that 
handles T-joints, can be easily removed by a mesh smoothing algorithm.  The 
holes present on the surfaces are filled using the element-filling method and 
the resulting healed model is shown in Figure 4.16(d).  Figure 4.17(a) shows a 
polygonal model of a sphere contains gaps, overlaps, joints and holes.  After 
mesh-repair, the sphere achieves closed topology as shown in Figure 4.17(b).  
Figure 4.18(a) shows a casing part taken from a model of a car, described by 
six surfaces in IGES format.  When this part is being imported into a mesh 
generation system, even using non-adaptive meshing technique will cause 
non-conformity among elements.  This can be due to the present of gaps and 
overlaps as well as T-joints in between surfaces. Figure 4.18(b) shows that the 
mesh of the whole casing part is not conforming.  Elements are being split to 
ensure conformity along the gaps, overlaps and T-joints in between surfaces 
as shown in Figure 4.18(c).   
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(a)      (b) 
   
(c)      (d) 
 
Figure 4.16 (a) Surface model of a cube made up of disconnected surfaces with gaps, 
overlaps and holes; (b)  The initial mesh of the surface  model; (c) Mesh healing of gaps, 




(a)      (b) 














Gaps and overlaps present 
(a)      (b) 
 
   
Non-conforming elements’ edges are 
repaired by performing element 
edges’ splitting and merging of free 
nodes. 
(c) 
 Figure 4.18 (a) Surface representation of a casing; (b) Triangular mesh created on the 
surfaces of the casing; (c) Surface mesh after mesh repair process. 
 
   
(a)        (b) 




   
(a)      (b) 
Figure 4.20 (a) Boundary gaps or non-conforming edges of the initial mesh of the 
aircraft before mesh repair process; and (b) Water-tight surface mesh of an aircraft after 
mesh repair process. 
 
Figure 4.19(a) shows a surface model of a typical car door which contains 
congruent surfaces with gaps and overlaps.  The mesh-repair algorithm 
creates triangular mesh over each surface, stitches the gaps and overlaps by 
merging the nodes.  Figure 4.19(b) shows the final repaired model with 
conforming mesh.  Figure 4.20(a) shows the final surface mesh of an aircraft.  
Figure 4.20(b) shows the boundary contour formed by the free element edges, 
due to the gaps and overlaps within the initial surface mesh.  Consequently, 
the holes remained after the node merging step will undergo triangulation to 
obtain a fully repaired model.  Figure 4.21 illustrates how a model translation 
can cause errors in the model and how the automatic mesh-repair algorithm 
can repair the imperfect model to obtain water-tightness.  Figure 4.21(a) shows 
a solid model of a connector assembly created using a CAD system.  This 
model is exported into an “IGES” format CAD file.  Errors such as gaps and 
holes due to truncation errors and missing surfaces are found, when this IGES 
file is later imported into another (mesher) system as shown in Figure 4.21(b).  
Here the automatic mesh repair technique is applied and initial mesh is 
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generated on the imperfect model as shown in Figure 4.21(c).  The gaps and 
holes are repaired by the automatic mesh-repair process and the final healed 
model is shown in Figure 4.21(d). 
 
(a) 
                
(b) 
         
(c) 
                  
(d) 
Figure 4.21 (a) Solid model of a connector in, (b) Model is exported into IGES format and 
read into a meshing system which shown errors, (c) Imperfect model is meshed and 




Chapter 5:  
High Fidelity Hole-Repair in 
Meshes with Shape Prediction 
 
The research here will focus on developing an automatic hole-filling algorithm 
to handle defective CAD models in unstructured triangular surface mesh 
representation, such as those commonly found in the stereo-lithography 
format. The key feature of the proposed algorithm is the capability to 
approximate the missing shape or geometry over the hole. The algorithm 
handles holes of any arbitrary boundaries in an oriented manifold mesh and it 
ensures water-tightness of the mesh after patching the missing surfaces. To 
cater to complex geometric configurations, a Genetic Algorithm is proposed for 
the purpose of optimal triangulation based on a global minimization of dihedral 
angles. A quartic Bézier surface interpolation is then proposed to be performed 
over the optimal initial triangulation to approximate the shape over the hole. 
Next, an unstructured triangular mesh is to be generated over the hole using a 
customized Advancing Front meshing algorithm which based its geometric 
references on the surface interpolation. This allows the mesh to model the 
missing shape using geometric information in the vicinity of the hole. The 
customized Advancing Front meshing algorithm also ensures that elements of 
good quality are achieved and that the resolution of the mesh at the patched 
region matches the mesh density at the locality of the hole. 
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In this work, the objective is to develop a robust and automatic technique for 
filling holes in triangulated models such that the underlying shape is 
approximated with good fidelity. Our method uses Genetic Algorithm to obtain 
a valid and optimal initial triangulation even when the hole is geometrically 
and topologically too complex, such as, a hole over a highly non-planar region 
which consists of positive and negative curvatures. The shape approximation 
capability is achieved by exploiting the geometric information provided by the 
mesh that surrounds the hole. This allows us to model the underlying shape 
by making use of as much localized information as possible, hence allowing 
highly, and varying curvatures to be modeled. A customized Advancing Front 
meshing is then performed over the approximated shape to generate an 
unstructured triangular mesh over the region. This method is not only well 
suited for the automatic repair of mesh models used in simulation-driven 
applications, but it can also be used to restore incomplete or impaired 
biomedical models obtained from data-acquisition devices, such as in 




In this section, we describe the main stages of our proposed hole-filling 
algorithm. They are: hole identification and smoothing, initial triangulation 
using Genetic Algorithm, shape approximation based on quartic surface 
interpolation, and unstructured mesh generation using a customized 
Advancing Front technique.  Figure 5.1 shows the flowchart of the complete 
hole-filling process.   
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Input Model
Initial triangulation of 
hole using GA 
Hole detection, smoothing and 
simplification 
End 
Shape approximation based on 
surface interpolation 
Smoothing of patched 
mesh 
Customized Advancing 
Front meshing of hole 
 
Figure 5.1 A flowchart of the hole-filling algorithm 
 
In the hole identification process, the boundary representing the hole is 
extracted from the mesh model.  The boundary then undergoes smoothing to 
remove crenellations and jagged artifacts so as to improve the result of the 
subsequent shape approximation. Next, an initial triangulation is performed to 
cover the hole using the Genetic Algorithm (GA) so that the triangles transit 
smoothly across their edges. The existing nodes on the boundary of the holes 
are used so that the model is water-tight. Next, a shape approximation process 
converts the triangles created during the initial triangulation to a set of 
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continuously connected triangular Bézier patches, based on a quartic surface 
interpolation [37]. These patches form the underlying geometry and they are 
used as basis for a customized Advancing Front meshing algorithm to create 
an unstructured triangular mesh over the hole. Finally, the mesh over the hole 
is smoothed using a mean curvature flow smoothing algorithm [38] to further 
improve the quality of the triangles.  The subsequent sections will elaborate on 
each of these stages in detail.  
 
5.2   Hole Identification  
A hole in a triangulated model is defined as a closed connected loop of one-
manifold edges, or free edges, bounding any arbitrary shape. Here, the 
assumption is made that the elements of the triangulated model are correctly 
oriented and connected, and that a given hole will not have islands.  Each hole 
is thus bounded and completely described by a set of connected straight line 
segments.   
 
5.3   Hole Simplification 
 
After the hole is identified, it is triangulated with a Genetic Algorithm having an 
aim to minimize the dihedral angles between the newly created triangles. A 
hole that is relatively planar is simpler to triangulate as compared to a hole that 
is highly non-planar. The challenge is even greater when the boundary 
contains crenellations, or jagged edges.  Such crenellations will lead to sharp 
folds at the edges after the initial triangulation, which is undesirable for the 
subsequent surface approximation process.   
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5.3.1 Hole Smoothing 
To ensure that the triangles do not transit with sharp folds, the free edges are 
smoothed to reduce the crenellations. The smoothing is achieved by re-





1'     (5.1) 
where B is the position of the node to be smoothed, B′ is the new position of B, 
and A and C are the positions of the adjacent boundary nodes to B, as shown 
in Figure 5.2. All the new positions of the boundary nodes are calculated and 
the positional update is done synchronously.  Equation (5.1) is simple to 
compute and it provides a good approximation in terms of positions and points’ 
normals for the new boundary points.  There is no node being added or 
removed.  The boundary points’ normal are computed from its adjacent 
triangular elements’ normal, which are described and used in the up-coming 
stages. An example of boundary edge smoothing is shown in Figure 5.3.  The 
free edges forming the hole can also be extracted separately and performed 
edge reduction so as to reduce the computation effort to perform initial 









Figure 5.2  Boundary edge smoothing technique 
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 Figure 5.3  Boundary edge smoothing to reduce crenellations 
 
5.3.2 Hole Simplification using Rough Set Theory 
 
The application of Rough Set Theory in hole simplification is basically to speed 
up the process of the initial triangulation of the hole using Genetic Algorithm 
(G.A.).  The computational time required for the execution of a single GA 
process increases exponentially with respect to its population size.  G.A. 
processes are highly computational intensive and a closed, complex hole in a 
mesh can be easily made up of hundreds of boundary edges (population size).  
After the crenellations are removed in chapter 5.2.1, the number of boundary 
edges of the hole ought to be reduced so as to reduce the computational effort 
by reducing the population size in the G.A. processes that are used for the 
initial triangulation of the hole in chapter 5.3. 
 
The theory was originated by Zdzislaw Pawlak [39] in 1980's. Its methodology is 
concerned with the classificatory analysis of imprecise, uncertain or incomplete 
information or knowledge expressed in terms of data acquired from experience 
[40].  The primary notions of the theory of rough sets are the approximation space 
and lower and upper approximations of a set.  The approximation space is a 
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classification of the domain of interest into disjoint categories. The classification 
formally represents our knowledge about the domain, i.e. the knowledge is 
understood here as an ability to characterize all classes of the classification, for 
example, in terms of features of objects belonging to the domain. Objects 
belonging to the same category are not distinguishable, which means that their 
membership status with respect to an arbitrary subset of the domain may not 
always be clearly definable. This fact leads to the definition of a set in terms of 
lower and upper approximations. The lower approximation is a description of the 
domain objects which are known with certainty to belong to the subset of interest, 
whereas the upper approximation is a description of the objects which possibly 
belong to the subset. Any subset defined through its lower and upper 
approximations is called a rough set.  This rough set here is a boundary region 
that is defined by the difference between the lower and the upper approximations, 
consisting of all objects, cases or possibilities which cannot be classified with 
certainty to the concept or its complement employing available knowledge.  The 
greater the boundary region, the vaguer is the concept. If the boundary region is 
an empty set, the concept will be precise. 
 
The data set, in Table 5.1, is obtained from some basic geometric rules and visual 
inspections of several holes present in typical bio-models.  Most surfaces of these 
bio-models are smooth and continuous, with very few features, such as sharp 
corners and edges.  The preparation of this data is done interactively, where each 
boundary node is manually highlighted whether it is to be preserved or removed in 
the simplification of a hole.  This information is then processed together with the 
attribute values of α and β computed as shown in Figure 5.4.  The principle 
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angle, α, is defined here as the smallest angle between two connected edges 
adjacent to the affected nodes.  The normal deviation angle, β, is the angle 
between the two normal vectors of the two boundary triangular elements of the 
affected node.  The nodal sample size of the data set, N, is 226.  Each 
attribute of α and β is being subdivided into 5 sub-ranges, i.e. α1 το α5 and β1 
to β5, as shown in Table 5.1. 
Table 5.1 Formulation of data sample set 
Node Principle angle , in degree 
Nodes to be 
preserved or , α, in degree Normal deviation angle, β
be removed 
n1 Removed v very large, α1 α > 165 ery small, β5 0 <= β < 15 
n2 Removed Large, α2 very small, β5 120 < α <=165 0 <= β < 15 
n3 Preserved large, α2 Small, β4 120 < α <=165 15 <= β < 30 
n4 Preserved medium, α3  β5 very small,90 < α <= 120 0 <= β < 15 
n5 Preserved medium, α3 Medium, β3 90 < α <= 120 30 <= β < 60 
n6 Preserved small, α4 very small, β5 45 < α <= 90 0 <= β < 15 
n7 Preserved small, α4 large, β2 45 < α <= 90 60 <= β < 90 
n8 Removed very small, α5 l, β5 very smalα <= 45 0 <= β < 15 
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Figure 5.4  Definitions of α, the angle betwe two boundary edges, and β, the angle 
 
The set of removed nodes is given by SRemove = {n1, n2, n3, n8, n9,…} 
number the 
  ACRemove = LRemove / URemove   (5.2) 
en the 
between the normals of two boundary elements adjacent to the affected node in green 
The set of removed nodes is given by SPreserve = {n4, n5, n6, n7,…} 
The Lower Approximation for a node to be removed, LRemove, is the 
definite and unique cases (e.g. α2 and β5) of a node being removed, and there 
cannot exist another case (also α2 and β5) where this other node is being 
preserved based on the same attributes in α and β.  The Upper Approximation 
for a node to be removed, URemove, is the total number of cases of a node being 
removed.  The Lower Approximation for a node to be removed, LPreserve, is the 
number the definite and unique cases of a node being preserved, and there 
cannot exist another case where another node is being removed based on the 
same attributes of α and β.  The Upper Approximation for a node to be 
preserved, UPreserve, is the total number of cases of a node being preserved.  
The roughness or accuracy coefficient, ACRemove , for the concept of “node to 




Similarly, ACPreserve has a value of 0.46 based on our sample data and it is 
  ACPreserve = LPreserve / UPreserve   (5.3) 






based on our sample data and that there are many “border-line” cases 
whereby nodes are being preserved as well as removed based on the same 
attributes of α and β.  Due to the existence of these “border-line” cases, there 
is bound to have uncertainty on whether a node, with a set of unique attributes 
of α and β, is to be removed or preserved.  Therefore in order to discuss the 
problem of uncertainty from the rough set perspective, it is necessary to define 
the rough membership function, R(X), where X ⊆ N and N is the finite set of the 
nodal sample data.  Given that x∈N and A(x ⊆  X, the rough membership 
function is given by 
 
)
  R(x) = | X A(i) | / | A(i) |     (5.4) 
hus the numerical function of the rough membership function for node n1 for 
Remove (n1) = | SRemove { n1, na, nb, nc…..} | / |{ n1, na, nb, nc…..}| (5.5) 
here { n1, na, nb, nc…..} is the set of nodes that is made up of node n1 and 










It is obvious that 0 ≤ R(x) ≤ 1.  These numerical values of R(x) determine 
whether a node should be removed or preserved when it has a certain attributes of 
, 
), (α4, β5), (α4, β4), (α4, β3), (α5, β3)}     (5.7) 
 The task here is to simplify the hole by reducing this 
α and β.  Two sets of rules, as shown in equations (5.6) and (5.7), are 
determined to decide whether to remove or preserve a node during the hole 
simplification process.  A particular node with attributes, says, α1 and β5, under 
the set of attributes, DRemove, will be removed during the simplification process.  
Similarly, a particular node with attributes, says, α1 and β1, under the set of 
attributes, D Preserve, will be preserved during the simplification process.    
DRemove = {(α1, β5), (α1, β4), (α1, β3), (α1, β2), (α2, β5), (α3, β2), (α3, β1), (α4, 
β2), (α4, β1), (α5, β5), (α5, β4), (α5, β2), (α5, β1)}   (5.6) 
  
DPreserve = {(α1, β1), (α2, β4), (α2, β3), (α2, β2), (α2, β1), (α3, β3), (α3, β4), (α3
β5
 
For example in Figure 5.5, there consists a primary set of boundary nodes that 
describe the hole to-be-filled. 
set of boundary nodes.  In Figure 5.5(c), each of the boundary nodes in red is 
connected to two adjacent boundary edges that are near or fully collinear with 
each other.  The adjacent boundary triangular elements of these two edges have 
similar or almost similar face’s normal directions.  These boundary nodes in red 
can be classified as the redundant nodes and can be removed from the primary 
set of boundary nodes for the benefit of hole simplification.  Similarly, in Figure 
5.5(d), a boundary node in green connects to two adjacent boundary edges that 
form an acute angle with each other, and that the face’s normal directions of their 
adjacent elements may have high degree of varying directions.  This node is 
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classified as an essential node and will be retained in the set.  However, there are 
many combinations which contain different degree of vagueness in terms of the 
angles between adjacent boundary edges and the angles between the face’s 
normals of the boundary elements that contain these edges.  These vague cases 
are known as the rough set, which we are going to perform the classification. 
 
By apply this Rough Set theory to the classification of the boundary nodes of a 
typical hole, a set of essential boundary nodes are obtained to simplify the hole as 
 80% of the 
initial triangulation of the hole using G.A., by reducing 
shown in Figure 5.5(f).  This essential set of boundary nodes are triangulated 
using the Genetic Algorithm (G.A.) described in chapter 5.4 and the result is 
shown in Figure 5.5(g).  Critical edges are important edges that break up the hole 
into many sub-holes.  In Figure 5.5(g), there exists a critical edge which breaks up 
the hole into two sub-holes.  The two sub-holes can then be easily triangulated as 
shown in Figure 5.5(h) as the shapes of these sub-holes are assumed near-
planar.  The final mesh can be obtained based on the work in chapter 5.5 on 
overlaying approximated patches over the hole.  The final outcome of the 
example after the entire hole-filling process is shown in Figure 5.5(i). 
 
This application of Rough Set Theory essential reduces more than
time required to create the 
the population size of G.A. to a much smaller number, depending on the 
complexity of the hole. 
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(a)      (b) 
   
(c)      (d) 
   
(e)      (f) 
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(h)       (i) 
Figure 5.5  An example to illustrate the simplification of a hole using Rough Set Theory 
which leads to faster triangulation in the subsequent processes 
 
5.4 Initial Triangulation Using Genetic Algorithm 
 
The main aim of the initial triangulation is to cover the hole with a preliminary 
patch which forms the basis for the approximation of the underlying missing 
geometry. The triangulation is constrained by the bounding free edges and it 
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uses all the existing nodes on the boundary of the hole. The initial triangulation 
links all the nodes on the boundary of the hole to form triangular elements with 
the constraints of no crossing between the edges of the triangles, and that all 
edges of newly formed triangles must be inside the hole.  The emphasis is to 
ensure that the triangles transit as smoothly as possible across their edges. 
Such a requirement is a non-linear multi-objective optimisation problem and it 
can be suitably solved using Genetic Algorithms (GA).  In this section, in order 
not to confuse the readers, the effort of reducing the boundary nodes of the 
hole is not implemented.  The focus is limited to the generation of an initial 
triangulation based on all the boundary nodes of a hole using Genetic 
Algorithm. 
 
5.4.1  Generation of Initial Population 
 
The chromosome in the Genetic Algorithm is represented by a line segment set 
similar to that in [41], and the length of the chromosome depends on the 
number of valid segments associated with a particular hole. Table 5.2 shows 
the total number of possible segments and their combination with respect to the 










inC     (5.8) 
where n is the number of free edges present in the hole and i is an integer such 
that {i = 1,2,…n-3}.  
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Table 5.2 Construction of line segments between nodes of the hole boundary 
No. of free edges in the hole (n)  
3 4 5 6 7 8 … n 
1st node 0 1 2 3 4 5 … n-3 
2nd node  0 1 2 3 4 5 … n-3 
3rd node  0 0 1 2 3 4 … n-4 
4th node  N.A. 0 0 1 2 3 … n-5 
5th node  N.A. N.A. 0 0 1 2 … n-6 
6th node  N.A. N.A. N.A. 0 0 1 … … 
7th node  N.A. N.A. N.A. N.A. 0 0 … … 
8th node         N.A. N.A. N.A. N.A. N.A. 0 … … 
… … … … … … … … … 















th(n - 2)  node N.A. N.A. N.A. N.A. N.A. N.A. N.A. 1 
th(n - 1)  node N.A. N.A. N.A. N.A. N.A. N.A. N.A. 0 
nth node N.A. N.A. N.A. N.A. N.A. N.A. N.A. 0 
Total no. of 
possible segments 
(C) 





Depending on the configuration of the boundary of the hole, this initial 
combination of line segments (Table 5.2) may contain many invalid line 
segments. To illustrate, Figure 33(a) shows a hole configuration with 6 free 
edges. According to Equation (5.8), there are 9 possible segments. To extract 
the valid line segments, the non-admissible segments must be identified and 
removed. These include segments which are outside the boundary of the hole, 
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such as segment [2-6] in Figure 5.6(a). The remaining valid segments form the 




























Figure 5.6 (a) Possible line segments for a 6-edged hole configuration, (b) initial 
population set {[1-3], [1-4], [1-5], [2-4], [2-5], [3-5], [3-6], [4-6]}, (c) possible line segment 
solution set {[1-3], [1-4], [1-5]} and (d) another possible line segment solution set {[1-3], 
[3, 5], [3-6]} 
 
In summary, the following steps are taken to extract the initial population: 
1. Set any boundary point as the first node and enumerate the rest of the 
points sequentially in an anti-clockwise (or clockwise) manner, as shown 
in Figure 5.6(b). 
2. Assign the number of possible segments to each boundary nodes 
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starting from the first node, according to Table 5.2. 
3. sed on the following Construct line segments from each node Ni ba
criteria: 
a. Connect Ni to a node Nj such that Nj is not an immediate 
neighbour of Ni, that is,  j ≠ i + 1 and j ≠ i -1. 
b. ation than Ni, The connected node Nj must be of a higher enumer
that is, j > i. This will ensure that there will be no repeated 
definition of line segments. 
In Figu segment set contains the 9 segments re 33(a), the possible line 
{[1-3], [1-4], [1-5], [2-4], [2-5], [2-6], [3-5], [3-6], [4-6]}. 
4. undary of the hole, Remove all invalid segments which are outside the bo
for example, segment [2-6] in Figure 5.6(a). The normal computed along 
the existing vertices of the polygonal hole will be used to assist in the 
decision of whether a line segment is outside the boundary of the hole in 
3D space 
5. itial population using the remaining valid line segment set. In Form the in
the case of Figure 5.6(b), the initial population set contains the 8 
segments {[1-3], [1-4], [1-5], [2-4], [2-5], [3-5], [3-6], [4-6]}. This set will be 
strictly arranged and that its chromosome length is 8 bits.  If all the 
segments are presented in a solution, the chromosome is “11111111”, 
and if, say [1-5], is not part of the solution, the chromosome is 
“11011111”. 
6. pulation is used to construct the chromosome, which is a The initial po
binary vector of n bits of ‘0’s and ‘1’s. After the initial population is 
defined, all n bits of the chromosome are initialized randomly such that 
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there are (n - 3) ‘1’ bits, where ‘1’ represents a possible solution.  
Figure 5.6(c) and 5.6(d) illustrate 2 possible initial solutions, with 
chromosomes “1110000” and “10000110” respectively. 
 
5.4.2  Evaluation of Fitness 
 
To obtain optimal solutions, crossover and mutation operations are 
performed on the chromosome and the new population is evaluated using 
fitness measures.  The crossover can occur in a variety of choices, such as 
single, uniform and multi-point crossovers [49]. In our work, we use the multi-
point crossover to create more perturbation in the solution to prevent the GA 
from being trapped in a local minimum. The geometric equivalent of the 
mutation process is an edge swapping operation in the triangulation.  
 
Fitness measures are used to quantify how good a solution is. The “fitter” 
solutions reproduce and the solutions which are less “fit” die off.  The fitness 
values are calculated by taking into consideration the smoothness of each 
created triangle with respect to its neighbours. The Internal Smoothness 
Fitness Factor ernalfint  is calculated at the links using  
( )231 n−
12
int )3( iiernal n
f αππ −∑−= =    (5.9) 
where iα  is the angle between the normal vectors of two adjacent newly 
 trcreated iangles, as illustrated in Figure 5. The smaller the angle, the larger 
the value of ernalfint .  
 75
Similarly, we calculate the Boundary Smoothness Fitness Factor  based 
on the angle between the normal of a newly created triangle and that of the 









f βππ −∑= = )    (5.10) 
where iβ  is the angle between the normal vectors of the two adjacent triangles 
along the boundary of the hole, as illustrated in Figure 5.7.  
 
Deviation Fitness Factors are computed to describe the variations of the 
smoothness for the initial triangulation patches. Equations (5.11) and (5.12) 








)()(1 ii MinMaxd −−=    (5.12) 
 
The Total Fitness Factor ffit is the summation of all the sub-factors, each 





+++=     (5.13) 
where 
3









Figure 5.7  Evaluation of fitness factors based on triangle face normal vectors 
 
There are instances where the chromosome is considered totally “unfit” or 
invalid and the solution is discarded. This occurs when the segments are 
crossed, that is, two interior line segments intersect each other, such as 
segments [1-4] and [3-5] in Figure 5.6.  
 
The GA iterates until a terminating condition is met. In our implementation, 
we set the maximum number of iteration to be 500 and the best solution set 
is taken as the initial triangulation. Moreover, we allow the user to specify a 
desired total fitness value (ffit = (0,1)) so that the algorithm terminates when 
the value is reached. A good empirical value for ffit is 0.7.  Figure 5.8 shows 




Generate initial population P1
Evaluate fitness value F1 of P1












Figure 5.8 Work flow of the initial triangulation process using Genetic Algorithm 
 
5.5 Shape approximations based on quartic Bézier 
interpolation 
 
After obtaining the initial triangulation using Genetic Algorithm, the shape of 
the underlying geometry of the hole is approximated using a quartic Bézier 
interpolation. Essentially, this process uses the information obtained from the 
initial triangulation, like the coordinates of the triangle vertices and the normal 
vectors associated with the vertices, to construct a triangular quartic Bézier 
patch over each triangle. These quartic Bézier patches models the geometric 
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variations in the vicinity of the hole to provide a localized approximation of the 
shape. They also serve as geometric basis for the computation of new nodal 
points in the customized Advancing Front meshing over the hole, which is 
elaborated in the next section. 
 
For a mathematical understanding of the construction of triangular quartic 
Bezier patch, we recommend the work by Walton and Meek [37]. For an 
implementation-friendly version, the reader can refer to Su and Senthil Kumar 
[42]. Essentially, the interpolation process involves, firstly, approximating the 
edges of the triangular face using quartic Bézier curves, and, secondly, 
determining the interior control points of the quartic Bézier patch using a 
blending function.  
 















,, =        (5.15) 
and P  is the control points of S and (u, v, w) are the Barycentric coordinates. i,j,k
 
1The minimum order of a triangular Bézier patch necessary to model a G  











=                   (5.16) 
 
where ,  and . Expanding Equation (5.16), we 
obtain 








































        
(5.17) 
Since the interest is to approximate the triangle with a quartic triangular Bézier 
patch, the degree of the cubic boundary curve 3Ci(t) (as obtained in page 41 in 
chapter 4.3.1) must be elevated to form a quartic Bézier curve P4C (t) with 












jijiji vjvjv −+= − )     (5.18) 
 
where j = {0, 1, 2, 3, 4}.  Then the control points of the boundary curves of the 








4,, ,, === −−−     (5.19) 
 
Figure 5.9(a) shows the polar values of a triangular quartic Bézier patch. The 
surface interpolation problem involves using the point-normal interpolation [44] 
method to calculate the control points associated with the boundary quartic 
Bezier curves of the patch, i.e. , where j = {0, 1, 2, 3, 4}.  jjjjjjo PPP ,0,40,4,4,, ,, −−−
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To calculate the 3 interior control points P , P  and P1,1,2 1,2,1 2,1,1, intermediate 
control points associated with a boundary curve are derived by imposing 
tangential continuity constraints across that boundary.  
 
5.5.1 Determining interior control points 
 
Next, to define the interior control points P , P and P1,1,2 1,2,1 2,1,1 of the quartic 
triangular Bezier patch, the control points adjacent to a boundary curve are 
derived by imposing tangential continuity constraints across that boundary. 
Since each interior control point is associated with two boundary curves, it is 
determined twice, yielding two different locations Gi,1 and Gi,2. These are then 
blended to give the interior control point by ensuring tangential plane continuity 
across each associated boundary.  The locations of Gi,1 and Gi,2 are obtained 
by 
( ) 0,1,311,0,320,1,311,0,322,31,30,3811, )(2)(5 iiiiiiiiiiii AAwwvvvG μμλλ ++++++= (5.20) 
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⋅= μμλλ  (5.23) 
where 
( )jjjjjjj PPPD −−+− +−= 4,,03,1,0213,,1,0       (5.24) 
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( )0,4,0,3,1211,3,,1 jjjjjjj PPPD −−+− +−=       (5.25) 
( )jjjjjjj PPPD ,0,41,0,321,1,3,2 −+−− +−=       (5.26) 
for j = {0, 3}. 
In Figure 5.9(b), G and G0,1 0,2  are the intermediate control points associated with 
the first edge; G and G1,1 1,2  are the intermediate control points associated with 
the second edge; and G and G2,1 2,2  are the intermediate control points 
associated with the third edge. Since each intermediate control point is 
associated with two boundary curves, a blending function is used to calculate 
the interior control point such that 
)(1 1,02,22,1,1 vGuGvu
P ++=     (5.27) 
)(1 1,12,01,2,1 uGwGuw
P ++=     (5.28) 
)(1 1,22,11,1,2 wGvGwv
P ++=     (5.29) 
where (u, v, w) are the Barycentric coordinates.  Now that all the control points 
are determined, the quartic triangular Bezier patch can be obtained from 
Equation (5.17). 
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v = 0 
third edge 
w = 0 
second edge 
(a) (b) 


















P P P0,1,3 0,2,2P 0,3,1 P0,0,4 0,4,0u = 0 
first edge 
 
Figure 5.9  (a) Polar values of a triangular quartic Bézier patch and (b) the intermediate 
interior control points Gi,j
 
The required input parameters for the interpolation of each triangle are the 
coordinates of its 3 nodes and their associated unit normal vector. For the 
hole-filling problem, the unit normal vector  associated with a node on the 


















     (5.30) 
where  is the unit normal vector of the triangle attached to the node, inˆ iα  is 
the angle subtended by the node and m is the number of triangles attached to 













Figure 5.10 Calculation of the unit normal vector associated to a boundary node 
 
5.6 Customised Advancing Front hole-filling technique with 
projection to Bézier patches 
 
After approximating the underlying geometry using the Bézier patches, a 
customized Advancing Front meshing technique is used to mesh the hole.  The 
word “customized” is used because the mesh is generated over a non-existing 
hole, and extra effort is needed to calculate imaginary surfaces where the new 
nodes within the hole will be projected and sited. A typical Advancing Front 
technique is described in [45]. New nodal points, which are only temporary 
nodes, are created during the Advancing Front meshing of the hole as 
described in the steps below.  For each of these temporary nodal points, say, 
point X in Figure 5.11, we find the triangle T which contains X′ by performing a 
normal projection of X onto the nearby triangles. The position of each new 
node in the mesh generation is calculated based on the geometric definition of 
the patches, similar to the procedure by Owen et al [46]. The Barycentric 
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where , as illustrated in Figure 9. The interpolated coordinates in the 
Cartesian space are then calculated based on the Bézier patch associated with 






X′ Triangle T 
Interpolated patch 
associated with T 
Face normal 




Figure 5.11 Point interpolation mechanism 
 
The customized Advancing Front hole-filling algorithm uses the nodal creation 
mechanism described above. The steps are as follows:  
1. Use the free boundary edges of the hole as the initial front. 
2. Calculate the angle θi formed by the two adjacent free edges at every 
node on the front.  
3. Starting from the node ni with the smallest angle, construct new 
triangles based on the following rules: 
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a. If θ  is smaller than 75oi  (angle α in Figure 5.12(a)), a triangular 
element is formed by connecting the 2 adjacent nodes (ni-1 and 
ni+1) of ni, thus introducing a new free edge to the front. 
o ob. If θi is between 75  and 135  (angle β in Figure 5.12(b)), two 
triangular elements are created using the two free edges (ei-1 and 
ei+1) connected to ni.  A new node nnew is created by dissecting θi 
such that                     
2
11 +− +=− iiinew
ee
nn     (5.32)  
and where nnew lies on the plane containing e and ei-1 i+1.  This 
introduces two new free edges to the front. Next, nnew is mapped 
to the interpolated location by using the underlying Bézier 
patches.   
oc. If θ  is larger than 135i  (angle δ in Figure 5.12(c)), three triangular 
elements are created using the two free edges (ei-1 and ei+1) 
connected to n .  Two new nodes n  and nnew1 new2i  are created by 




+− +=−=− iiinewinew eennnn     (5.33) 
and where n  and n  lie on the plane containing e and enew1 new2 i-1 i+1.  
This introduces three new free edges to the front. Next, nnew1 and 
nnew2 are mapped to the interpolated locations by using the 
underlying Bézier patches.   
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4. Check each newly created node against other existing boundary nodes 
to see if they are within a tolerance distance of inew nn −4
1 . If so, they 
will be merged.  
5. Map the newly created nodes to the interpolated locations by using the 
underlying Bézier patches.   
6. Update the front. 
7. Repeat Steps 2-6 until the whole region is patched with triangular 
elements.   
8. Smooth the created mesh using a mean curvature flow smoothing 
algorithm [11]. Once again, the interpolated patches serve as guiding 
surfaces so that the shape is preserved in the mesh smoothing process. 





















(b) (c) (a) 
 
Figure 5.12 Boundary nodes on the front where (a) α ≤ 75o, (b) 75o < β < 135o and 
 (c) δ  ≥ 135o. 
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(a (b (c) 
Figure 5.13 (a) Region to be meshed using customized Advancing Front method, (b) 
mesh at intermediate stage and (c) the final mesh. 
 
The current hole-filling algorithm has yet to fully consider topological features, 
such as edges, as the initial assumption is that the holes to be filled are 
significantly huge and that topological features are probably difficult to be 
predictable computationally. However, based on the some restrictions and 
criterion, as shown in Figs. 5.14(a) and (b), the filling surfaces will very much 
be dependent on the normals at the vertices of the triangle that are used to 






Figure 5.14 (a) Filling of a hole on a conical model and (b) filling of a hole on a 
cylindrical surface model. 
 
5.7  Results and discussions 
 
The hole-filling algorithm is applied to an impaired sphere with irregular 
boundary, as shown in Figure 5.15. Here, the initial triangulation using GA 
plays a significant role to ensure that the triangles transit smoothly across the 
edges. This ensures that the mesh created by the customized Advancing 
Front algorithm preserves the underlying shape with high geometric fidelity. 
Figure 5.16 demonstrates the capability of the hole-filling technique as it 
handles holes with more complex underlying shape. The triangles forming the 
boundary of the hole have normals which are directed at widely varying 
directions. In fact, the underlying shape of the hole consists of regions with 
both positive and negative curvatures. The holes on this impaired torus 
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surface model are first triangulated using GA and the underlying geometry is 
approximated using quartic Bézier patches.  The holes are then meshed 
based on the Advancing Front meshing algorithm with nodal projection onto 
the approximated Bézier patches.   
 
As the hole-filling in Figures 5.15 and 5.16 are based on standard shapes with 
analytical geometric definition, error analyses are performed by calculating the 
absolute geometric deviation of the newly created nodes from the actual 
surface. The average errors in the E (average error), E1 2 (root mean square 
error) and E∞ (normalized error) are shown in Table 5.3. Note that the 
normalized average error values are with reference to the bounding box 
diagonals of the models. In both cases, the maximum error, as reflected in the 
E∞ norm, is less than 1%. This shows that the underlying shape is predicted 
with good geometric fidelity. 
(a) (b) (c) (d)
 
Figure 5.15  (a) Hole on a sphere with complex boundary, (b) boundary after smoothing, 
(c) initial triangulation of hole using Genetic Algorithm and (d) repaired model of sphere 





Region with both positive 
and negative curvatures 
Smoothing of 
boundary 
Initial triangulation using 
Genetic Algorithm 




Figure 5.16  Filling holes on a torus 
 
Table 5.3 Error analysis in the E1, E2 and E∞ norm 
Average Error Normalized Average Error  
E E E EE E1 2 1 2∞ ∞
Sphere 0.00501 0.00031 0.01173 0.00145 0.000091 0.00339 
Torus 0.00982 0.00028 0.03866 0.00225 0.000065 0.00887 
 
The proposed hole-filling algorithm here is not only meant to be applied to 
erroneous scanned models.  The highlight of this algorithm is that it can fill 
large complex holes, and at the same time, tries to approximate the shape of 
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the filled holes as close to the users’ intention.  For large and complex holes, it 
will not be adequate if we just perform simple triangulation without any surface 




Chapter 6:  
Techniques and Potential  
Applications using Mesh Repair  
Algorithms 
 
One difficult task in performing research studies is to bridge research with 
applications.  Coincidently, it is discovered that, it is possible to make use of 
the techniques and algorithms developed in mesh repair to design applications 
that can be used in area other than the finite element model repair.  The Main 
Contribution to the work in this chapter is to apply the complete hole-filling 
algorithm that is described in chapter 5, on potential applications in CAD 
modelling.  Two possible avenues to apply the developed techniques are as 
follows: 
 
6.1 Feature Suppression based on Hole-Repair Algorithm 
 
In many computer-aided engineering applications, it is not necessary to model 
every detailed geometric feature. One method for idealizing finite element 
models is to suppress features which are of little meaning and contribution to 
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the FE analysis.  Some features, which are small size and come with complex 
shapes, often impede the users to perform desirable analysis.  To suppress 
these features, the geometric model is simplified so that the simulation model 
is more compact and this process is usually tedious and time consuming. 
Typically, a user would remove these features in the geometric CAD data and 
then manually repair the model, which is essential due to the removal of these 
features.  This process is usually tedious and time-consuming, and the quality 
of FE model depends very much on the experience of the user.  Feature 
suppression is also performed in visualization models to reduce the resolution 
(the number of triangles) of the models.   
 
For model feature suppression, we developed a feature suppression technique 
via the hole-repair process.  Figure 6.1(a) shows a CAD model with features 
which are to be suppressed. A novel way to achieve this is to simply remove 
the unwanted surfaces, as shown in Figure 6.1(b), and mesh the remaining 
model to obtain the simulation model in Figure 6.1(c). The hole in the mesh 
can then be automatically patched using the automatic hole-filling algorithm 
described in this thesis to obtain the final mesh in Figure 6.1(d). In Figure 6.2, 
the hole-filling algorithm is applied to a screw model to suppress the features 
on the screw face.  Figure 6.2(a) shows a screw model with features on the 
screw face, which are to be suppressed.  A novel way to achieve this is to 
simply remove the unwanted surfaces, as shown in Figure 6.2(b), and mesh 
the remaining model to obtain the simulation model in Figure 6.2(c).  
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 (a) (b) 
(c) (d) 
Features to be 
suppressed 
Figure 6.1 (a) CAD model with features to be suppressed, (b) CAD model after feature 
removal, (c) mesh of incomplete CAD model and (d) final mesh after hole-filling. 
 
Features to be 
suppressed 
(a)CAD model of screw (b) Incomplete mesh 
model 
(c) Final mesh of  
de-featured screw 
Figure 6.2 Hole-filling algorithms in feature suppression of screw model 
 
 95
6.2 Restoration and reverse engineering of bio-models, 
artifacts, and the designing of implants. 
ossibility of automating the 
.2.1 Hole filling in Cranioplasty 
s may be preferred or may be the only 
 
This research is initially motivated to explore the p
process of creating the skull models and cutting and shaping the titanium 
plates.  Surgeons have reported that using Bio-Modeling software to custom 
shape implants preoperatively can reduce operating time and risk of infection, 
and improve implant cosmoses and fit.  In many cases, facetted/meshed 
models may be preferred or may be the only representation available to model 
a machined part.  For example, where natural processes are simulated such 
as in bio-medical or geo-technical applications, NURBS (Non-uniform Rational 
B-Splines) representations can be difficult or impossible to fit to the prescribed 
data. For example, when the bone from the hole is missing, damaged or 
infected, the defect needs to be covered with an artificial plate to protect the 
brain.  Here, the hole-repairing algorithm discussed in the previous section can 
be re-engineered and employed to aid shaping artificial plates for cranioplasty 
where a punctured skull model is being repaired.  The resulting patching 




In many cases, facetted/meshed model
representation available to model a machined part.  Surgeons have reported 
that using Bio-Modeling software to custom shape implants preoperatively can 
reduce operating time and risk of infection, and improve implant cosmetics and 
fit.  These software import three-dimensional (3D) CT scans and export STL 
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files which are similar to that of meshed models. Present design of an implant 
or prosthesis is not always a straightforward application of Computer-Aided 
Design (CAD) and manufacturing and current Bio-Modelling softwares do not 
allow for the design of implant when there is no underlying surface.  Figure 6.3 
shows a BioModel generated from CT scans showing a defect/hole.  
 
  
Figure 6.3 3D CT scans demonstrate the extent of th a skull e defect of 
 
Cranioplasty is the process of restoring defects, usually holes, in the skull with 
the aid of cranial implants.  Cranioplasty can be due to trauma or they can be 
made surgically to access some part of the brain. Small defects or holes (5cm2 
to 15cm2) are generally corrected for aesthetic reasons while large defects (> 
25cm2) require repair for protection of the brain from external injury and for the 
prevention of cortical thinning, which may cause unnecessary neurological 
symptoms.  Cosmetic and psychological factors are also of importance, and 
defects in the frontal or temporal bones are restored to hide mutilation.  The 
complexity of cranioplasty depends on the material used to form an implant 
and upon the size and location of the defect. In general, implants for larger 
defects (> 50cm2) are not formed intra-operatively.  When the bone from the 
hole is missing, damaged or infected, the defect needs to be covered with an 
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artificial plate to protect the brain.  The process of making these plates is 
shown in Figure 6.4.  The context for this work is the repair of defects in the 
skull with cranial implants. In this application, medical graphics are used to 
reveal bone surfaces in X-ray CT data. By incorporating some geometric 
functions which smoothly interpolate across holes in the surface, a hard plastic 
mold can be milled by a computer numerically controlled (CNC) mill.  A 
titanium prosthesis can then be formed by pressing a flat titanium plate into the 
mold under high pressure in a hydraulic press. The desired characteristics of 
the fitting mesh patch are therefore as follows: the patch should be a smooth 
and high fidelity surface; it can interpolate across irregularly shaped holes and 
that it tends towards a flat plate far from the interpolation centers.  
Prefabrication of a cranial implant requires an accurate model of the defect 
area to ensure that a good fit is achieved at the time of surgery and the need 
for alteration is minimized. There is no standard process for the design and 
manufacture of prefabricated cranial implants. Each treatment facility may vary 
in the details of its method, and even then, each case is usually approached 
individually. However, most methods involve forming a model to which the im-
plant, or a template for the implant, is manually fitted.  
 
In this thesis, we focus on hole-filling with shape prediction for cranioplasty, 
where missing polygons/surfaces are a common source of holes that awaits 
implants in bio-models.  Here, we customized and applied the prescribed hole-
filling technique (described in chapter 5) for filling holes in erroneous or 
scanned models in the design of customized cranial implants without 
underlying surfaces by processing a surface mesh representation, where we 
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extend the incomplete surface description until it forms a watertight or hole-free 
model.  The hole –filling method developed is thus not only limited to repairing 
polygonal or faceted models containing holes, models produced by data-
scanning methods but even creating approximated patches covering the holes 
that can be used to design custom implants.  In some cases the result may not 
totally match the topology of the original object, but it is always topologically 
consistent (i.e. manifold), it is not self-intersect, and maintains fidelity to the 




Figure 6.4  Process of making bone/skull’s implants 
 
CT scan patient's bone/skull
 
Repair the defect on the computer model 
Extract the bony surface and create a computer model 
Press the plate to shape in the mould
 
Machine a replica of the repaired bone and 
cast a female mould from this replica 
Finish the plate.  Cut tabs, slots and screw holes. 
Clean and sterilize the plate - ready for implantation 
End 
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6.3 Results and Discussion 
 
Figure 6.5(a) shows the mutilated mesh of the skull with a significantly large hole 
on one side of the skull; Figure 6.5(b) shows the optimal triangulation of the hole 
using GA; Figure 6.5(c) shows the mesh of the skull after hole-filling.  It is worthy 
to investigate that as the hole becomes larger and more complex, more 
information from the original model is lost, and hence poorer accuracy may be 
obtained in terms of shape approximation.  Figures 6.6(a) and 6.6(b) show the 
original mesh of a skull and the mutilated mesh of the skull with a large hole 
respectively.  The initial triangulation of the hole based on GA is shown in 
Figure 6.6(c).  The mesh of the skull after hole-filling in Figure 6.6(d) can be 
used to approximate the design of custom implants to cover the holes, 
assuming the patient underwent a brain surgery.  Note that the original mesh is 
provided for comparison purpose and they are not present in the computation 
of the hole-filling process.  
 
The present method can also be used to reconstruct the mesh of the skull with 
an even larger hole. Figures 6.7(a) shows the mutilated mesh of the skull with 
the whole of the top portion as a hole.  Figure 6.7(b) shows the optimal 
triangulation of the hole using GA.  Figure 6.7(c) shows the mesh of the skull 
after hole-filling.  One result to note from Figures 6.6 and 6.7 is that, as the 
hole becomes larger and more complex, more information of the original model 
is lost, and hence one will obtain lower shape accuracy when comparing the 
repaired model in Figure 6.7(c) with the original model in Figure 6.6(a).   In the 
simulation of firearms injury to the human cranium studied by Mota et. al.[47], 
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the skull model with a small hole defect is investigated here as shown in Figure 
6.8.  The hole-repair of small and simpler peripheral with small curvatures 




 (a) (c) 
(b) 
Figure 6.5 (a) Mutilated mesh of the skull, (b) initial triangulation of skull using Genetic 
Algorithm and (c) repaired model of skull after customized Advancing Front mesh 
generation. 
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(d) Mesh of the skull 
after Surface 
Approximation. 
(b) Mutilated mesh of the 
skull.  
 (a) The original mesh of a skull 
(c) Mesh of the skull after 
triangulation using GA.  
Figure 6.6  Hole-filling for defect in the skull’s surface 
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(a) Another mutilated mesh 
of the skull.   (b) Mesh of the skull after triangulation using GA.  








 (a) Mutilated mesh of the skull simulating firearm injury (hole) to the human skull. 
  
(b) Mesh of the skull after triangulation using GA. 
       
(c) Mesh of the skull after Surface Approximation. 
Figure 6.8  Hole-filling for small defect in the skull’s surface 
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Chapter 7:  




Genetic algorithms transpose the notions of evolution in Nature to computers 
and imitate natural evolution. Basically, they find solution(s) to a problem by 
maintaining a population of possible solutions according to the 'survival of the 
fittest' principle. In this proposal, we study the main features of genetic 
algorithms and the ways in which they can solve difficult design problems, such 
as mesh optimization: mesh reduction and mesh quality enhancement. 
 
7.1 Proposed Methodology 
This work proposes and investigates the use of some Biologically-Inspired 
Genetic Algorithms (G.A.) to perform the large-scale Algorithms, such as the 
triangular mesh optimization process.  This optimization process consists of a 
combination of mesh reduction and mesh smoothing that will not only improve 
the speed for the computation of a 3D graphical or finite element model, it will 
also improve the quality of its mesh.  The genetic algorithms (G.A.) are 
developed and implemented to replace the original mesh with a re-
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triangulation process. The G.A. features optimized initial population, 
constrained crossover operator, constrained mutation operator and multi-
objective fitness evaluation function. While retaining features is important to 
both visualization models and finite element models, this algorithm also 
optimizes the shape of the triangular elements, improve the smoothness of the 
mesh and perform mesh reduction based on the needs of the user. 
 
In this chapter, attempts are made to create a mesh optimization system using 
Genetic Algorithms that would allow the user to create low detail models 
interactively without significant loss of mesh fidelity.  Figure 7.1 shows the 
workflow of the entire optimization process.  3-D triangulated surface models 
that are made up of triangles and triangles are the basic elements in finite 
element modeling.  The first step of the optimization process is to remove 
patches of triangular elements that form empty regions which will be “re-
meshed” and optimized subsequently based on a genetic algorithm.  There 
are two methods of removing triangular mesh patches being developed in this 
research work.   These two methods can be executed independently or 
together depending on whether the user just wants to improve the mesh 
quality or just wants to reduce the mesh-size of a model or to perform both, 
depending on his requirements.  Often in 3D visualization models, the quality 
of the triangles is not an issue as compare to the smoothness and the 
features of the meshed model and the number of triangles present in it.  
However for finite element models, the shape of the triangle is vital for finite 
element simulation.  Mesh reduction coupled with mesh smoothing is 
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Generate initial population P1
Triangle Deletion/Removal with Min d (chapter 7.2) 
F1, Fitness value evaluation of initial population 




Fi+1, Fitness value evaluation of Pi+1





Figure 7.1 Work flow of the mesh optimization process. 
 
7.2 Removal of triangles 
 
7.2.1 Feature Retention 
 
The idea of feature retention is equivalent to the idea of node retention. For 
example, one would retain the node on the vertex or corner of a box so that the 
shape of the box would not be altered in the mesh coarsening. Also, during 
mesh optimisation, it would be desirable to coarsen or smooth the mesh along 
the edges of the box so that these features are retained in the coarsened or 
smoothed mesh. The nodes in those regions apart from these features are 
selected for retention such that they are not too close together. The aim is to 
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remove the remaining nodes via edge collapsing to achieve larger elements 
with reasonable aspect ratio. 
 
With this in view, prior to the mesh reduction and smoothing processes, the 
edges of the mesh in consideration are classified as follows: 
• An edge is considered a feature if it has only one adjacent face. 
• An edge is considered a feature if its adjacent faces forms an interior 
angle smaller than a given angular tolerance. 
• An edge is considered non-feature otherwise.  
 
After the classification of the edges, the corresponding nodes are classified 
based on the following: 
• A node is interior if it does not lie on a feature edge and is removable. 
• A node is fixed interior if it does not lie on a feature edge and is marked 
for retention. 
• A node is a removable edge feature if it lies on a feature edge and is 
removable. 
• A node is a fixed edge feature if  
o it lies on a feature edge and is marked for retention, or 
o it is connected to two feature edges with an angle less than a 
given angular tolerance. 
• A node is considered a vertex node if it is connected to  
o only one feature edge, or 
o more than two feature edges. 
• A node is considered unclassified otherwise. 
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7.2.2 Maximal Independent Set (MIS) 
 
After extracting the nodes which lie on the important features, it remains to 
classify all the unclassified nodes into a maximal independent set (MIS). The 
MIS is a set of selected nodes such that those included nodes are not too 
close in proximity to each other, and those excluded nodes are too close to at 
least one included node. Figure 7.2 illustrates the MIS of the triangular mesh of 
a plate. The MIS of the node connectivity graph is simple to implement and is 
known to give excellent results for one or two levels of coarsening. However, 
after multiple coarsening, mesh quality degrades significantly, even with mesh 
optimization between each coarsening. This might pose a problem for meshes 




fixed interior node 
fixed edge feature node 
removable edge feature node 
d
Figure 7.2 Maximal Independent Set (MIS) of a triangular mesh  
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The reason for coarsening or reducing a mesh based on the MIS rather than a 
simplistic edge length criterion is so that the inherent solution-adaptivity in the 
original mesh can be retained. Usually, in those regions where the variables of 
interest have large gradients, the mesh would be of a higher resolution, as is 
commonly the case in adaptive meshing techniques. An indiscriminate 
coarsening through these regions of fine mesh will remove the required 
resolution. Using the MIS approach, regions which are of a finer mesh will 
retain the nature of being graded, with finer mesh size relative to the coarsen 
mesh.  
The pseudo code to build a MIS of the whole model is as follows: 
 
/* Classify edges */ 
for every edges 
   Calculate the interior angle alpha between the two adjacent 
faces. 
   if alpha < tolerance angle 
      Set the edge type to feature. 
   else 
      Set the edge type to non-feature. 
   end if 
end for 
 
/* Classify nodes */ 
for every node 
   if the number of attached feature edges is 1 or more than 2 
      Set the node type to vertex. 
   else if the number of attached feature edges is 2   
      if the angles made by these 2 edges < tol 
         Set the node type to fixed edge feature. 
      else 
         Set the node type to removable edge feature. 
      end if 
   end if 
end for 
 
/* Classify nodes on the feature edges */ 
 
nlist_feature = List of nodes that are lying on the feature 
edges 
 
for every nodes in nlist_feature 
   Get the list of neighbouring feature nodes = n1. 
   if at least 1 node in n1 is a fixed edge feature or a vertex 
      Set the node type to removable edge feature. 
   else 
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      Set the node type to fixed edge feature. 
   end if 
end for 
 
/* Classify nodes which are not on the feature edges */ 
 
nlist_nonfeature = List of nodes that are not on the feature 
edges 
 
for every nodes in nlist_nonfeature 
   Get the list of neighbouring nodes = n1. 
   if at least 1 node in n1 is a fixed node 
      Set the node type to interior. 
   else 
      Set the node type to fixed interior. 
   end if 
end for 
 
7.2.3 Removal of triangles 
 
In this research, two methods of removing triangles are presented as follows: 
 
a. Removal of triangles associated to the nodes of an element 
This algorithm for the removal of elements for subsequent mesh re-creation is 
design for reducing the mesh-size of visualization or a finite element model to 
speed up processing time.  Here we are trying to remove a group of connected 
elements that are adjacent to the nodes of a specified element.  Figure 7.3 
shows the surrounding elements that are associated with the nodes (in orange) 
of the chosen element.  A facing possible removal when this element with a 
unit normal of A is chosen.  A weighing factor will decides the sequence and 
the elements for removal.  The calculation of the weighing factor for element 
removal is as follows: 
1. First the deviations of the unit normals of the surfaces of the 
surrounding elements from the chosen element are calculated using 
equation (7.1) and (7.2), where A is the unit normal of the chosen 
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element, B  are the unit normals of n number of affected elements, and i
d  is the deviation of the unit normal of B  from A with i = 1, 2, 3, …, n. i i
2. Next the average deviation is calculated using equation (7.3) and the 
final weighing factor will consist of the total value of the average 
deviation and the difference in the maximum and minimum value of d  i
as shown in equation (7.4).  The smaller the value of d, the higher the 
probability the chosen elements and its affected surrounding elements 
will be removed.  The weighing factor will rank in a hierarchical manner 
and the user can specify a tolerable value for weighing factor or a 
percentage of elements with the lowest weighing factor, and usually 
start off with the element having the lowest weighing factor.   
    
ABi  =  Bi – A  =  xi i + yi j + zi k   (7.1)  
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Figure 7.3  Removal of triangles associated to the nodes of an element 
 
b. Removal of triangles associated to the edges of an element 
This method for the removal of elements for subsequent mesh re-creation is 
design for mesh smoothing, in order to achieve quality mesh that is critical for 
accurate finite element analysis.  The number of elements of the mesh will not 
be reduced.  A group of connected elements which are adjacent to the 
elements of a specified element will be selected to be removed.  Figure 56 
shows the surrounding elements, including the element with unit normal, A, 
facing possible removal when this element with unit normal A is chosen.  The 
weighing factor that decides the sequence and the elements for removal is the 
same as the above using equations (7.1) to (7.4).    Note that if any node in 
Figure 7.3 lies along a feature edge or any edge in Figure 7.4 is a feature edge, 
the related triangular elements will not be involved in the removal. 
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 Figure 7.4  Removal of triangles associated to the edges of an element 
 
7.3 Re-Triangulation using Genetic Algorithm 
 
The re-triangulation takes place when a region of elements is being removed.  
Re-triangulation links all points on the boundary of the empty region to form 
triangular facets (elements).  Figure 7.5 shows an example of re-triangulating an 
empty region caused by the removal of elements associated to the three edges 
of a selected element with a low deviation weighing factor.  From Table 7.1, we 
can calculate the total number of possible links and their combination.  This 
table can be computed based on the number of boundary edges or points 
(nodes) present in the empty region using equation (7.5). 
 
Total number of possible links:  C = (n - 3) +  ∑         (7.5)  −3n
i
i
where n is the number of boundary edges present in the 
empty region. 
 
The possible links are derived as follow: 
7. Set any boundary point as the 1st node and label the rest of the points in 
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an anti-clockwise (or clockwise) manner as in Figure 7.5(b). 
8. Assign number of possible links to each boundary points starting from the 
1st node.  Node 1 and node 2 will always have (n-3) links and the 
subsequent nodes will have (n-4) links, (n-5) links,….., and the last two 
nodes will always have 0 link.  In this way, no duplicated links will be 
present. 
9. Next we will describe each link starting from node 1.  In Figure 7.5, there 
are 6 boundary edges present in the empty region.  The three links of 
Node 1 will be [1-3], [1-4], [1-5] as the [1-2] link will be ignored as it is the 
boundary edge.  Similarly for node 2, the [2-3] link will be ignored and the 
three possible links are [2-4], [2-5], [2-6].  The possible links for node 3 
will be [3-5], [3-6] and node 4 will be [4-6].  The last two nodes will not 
have any link. 
10. Check for any invalid links among the possible links. For example in 
Figure 7.5(b) and (c), [2-6] is an invalid link and will be discarded. 
11. So the valid links as in Figure 3 are {[1-3], [1-4], [1-5], [2-4], [2-5], [3-5], 
[3-6], [4-6]}. 
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  (a) 
            
(b)                                                      (c) 
Figure 7.5 (a) Re-triangulation of an empty region, (b) {[1-3], [1-4], [1-5]} links and (c) {[1-
5], [2, 5], [3-5]] links 
 
Table 7.1 Formulation of chromosomes 
No of edges 3 4 5 6 7 8 … 
1st edge 0 1 2 3 4 5 … 
2nd edge 0 1 2 3 4 5 … 
3rd edge 0 0 1 2 3 4 … 
4th edge  0 0 1 2 3 … 
5th edge   0 0 1 2 … 
6th edge    0 0 1 … 
7th edge     0 0 … 
8th edge      0 … 
…       … 
Total no. of 




Thus in the chromosome representation, 8 binary characters or bits represent 
the 8 links.  The chromosomes will be like 11100000 as in Figure 7.5(b).  There 
will be checks to ensure that the new triangles will not over-lap one another, i.e. 
no crossings of the links.  At any one time during the crossover process, there 
will only be three 1s.  It can be obviously seen from Figure 7.5 that no matter 
how the crossover takes place, the resulting triangulation always consist of 4 
triangles which is the same number  as the removed triangle.  Thus, the 
method of removing elements that are associated with the three edges of an 
element will not result in any change in the number of element but will improve 
the quality of the mesh during the crossover process based on a fitness test.  
However for the removal of elements that is associated to the three nodes of a 
selected element may result in the formation of an empty region with anything 
equal to or more than 3 boundary edges.   This often results in a reduction of 
elements when we use the genetic algorithm for re-triangulation of the empty 
regions.   
 
The GA and the solution method taken in this approach to the smoothing 
process works as follows: 
 
1. The initial population is filled with chromosomes that are generally created 
at random. 
Each chromosome in the current population is evaluated using the fitness 
measure.  The more fit solutions reproduce and the less fit solutions die off.  
The fitness value is computed taking in consideration of the shape of the 
triangles to be created, the smoothness of the triangles to be created and 
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the smoothness of the triangulated patch with its surrounding triangles.  The 
shape factor will tell us how “equilateral” the triangle is. Each of the triangles 
created is represented by i from 1 to n-2.  Every re-triangulation of an empty 
region due to the removal of element associated to the selected element’s 
nodes will reduce the mesh-size of the model by 2.  θ denotes the three j 
angles of each of the triangles created.  The larger the value of f  the better a
the overall quality of the new triangles created.  The calculation of the shape 
factor is shown in equation (7.6).  The overall smoothness of the triangles 
created is calculated at the links where the angles between the normals of 
two adjacent triangles are calculated. The smaller this angle is the large the 
value of f  in equation (7.7) which denotes smoothness.  Similarly for f  in b c
equation (7.8), we calculate the angles between the normals of the newly 
created triangles with the surrounding original triangles.  The total factor in 
equation (7.9) is the summation of all the sub-factors, each multiplies by a 
weighing factor.  In the case of reducing the mesh of a 3D graphical model 
where the triangles’ shapes are not critical, the weighing factor of the shape 
fitness value can set to a lower value.  Equations (7.6) – (7.8) will be 
normalized for better control in equation (7.9). 
 
Shape fitness factor,        (7.6)  ⎥⎥⎦
⎢ ⎟⎠−∑−∑= 3θπ jjif
 
Smoothness factor of the created triangles, 






















where is the angle between the normals of 2 
adjacent elements to be created 
iα 
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Smoothness factor of the triangulated patch with its surrounding triangles 
 










is the angle between the normals of the elements 




Total fitness value,        (7.9)  f
 
2. If the termination criterion is met, the best solution is returned. 
Once an empty region is re-triangulated and improved as much as possible, 
the GA moves on to the next worst region. This process of moving to the 
worst area of the model continues until a global model minimum has been 
reached. Here a global minimum considers the normal deviations for all 
elements in the model. More work needs to be done in fine tuning the GA's 
parameters and the convergence criteria since all of the input parameters 
influence the convergence of the GA. 
 
3. Actions starting from step 2 are repeated until the termination criterion 
is satisfied.  
The crossover can come in a variety of choices.  Single, uniform and multi-
point crossovers are a few of the types. In this thesis, multi-point crossover is 
used.  Here crossover is used on two mates, producing two children.  
Mutation adds diversity to the GA. It is a random walk in the search space; 
basically perform edge swapping in the empty region.  The convergence 
fit  =  w f + w f  +  w fa a b b c c
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process may be a good application for fuzzy logic. We are not so lucky as to 
have a simple "go" or "no go" situation. We have a "maybe" or "maybe not" 
which is a natural for fuzzy logic. The way the GA works, a gradual 
relaxation of the convergence is required. 
 
7.4 Results and Discussion 
 
A complex aircraft model in Figure 7.6, which contains quite a fair bit of planar 
regions, demonstrates the capability of the developed GA mesh optimizer.  It is 
to undergo mesh reduction for faster reducing and manipulation in a 3D visual 
environment.  This time, less emphasis is placed on the shape of the triangles 
but the features of the model that will be retained.  Figure 7.6(b) shows the 
outcome of the algorithm where this model, initially containing 32186 elements, 
is being reduced to only 3709 elements, an almost 90% reduction in the 
number of elements.  Figure 7.7(a) shows the original polygonal (mesh) model 
of the heart with 7120 elements.   Figure 7.7(b) shows the model being 
reduced almost 60 % in the number of elements.  The fitness’s weights 
associating with the triangles’ quality in the mesh is set higher to ensure good 
mesh quality during mesh reduction.  This model of the heart contains very 
little “almost planar” regions and thus the reduction rate is lower if we choose 





Figure 7.6  (a) A triangular mesh of an aircraft with 32186 elements,  





Figure 7.7 (a) A triangular mesh of heart with 7120 elements,  









Two case-studies will be discussed in order to demonstrate the mesh repair 
algorithms that are developed in this research work.  The complete meshing 
solution consists of two components, namely the mesh repair component and 
the mesh optimization component.   
 
The test-cases will undergo the process flow of mesh repair and optimization 
that is illustrated in Figure 3.3 in chapter 3.  First each test-case will undergo 
an error identification process to check mesh validity and identify geometrical 
and topological errors that are present in the model.  The sequence of 
repairing different errors is important, for example, the problems of gaps and 
overlaps will be handled before repairing the holes, which are usually much 
bigger in size by nature.  The mesh that is resulted from the repair processes 
is likely to contain poor quality elements, even after sliver repair.  The mesh 
optimization component will help to further improve the quality of the mesh 
after it has been repaired.  It will take care of degenerated elements, mesh 
smoothness and other meshing requirements such as mesh resolution and 
mesh adaptivity.  The mesh optimisation component can also help to reduce 
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the mesh-size drastically to speed up the visualization process of the model, 
which does not take into consideration of the quality of the triangular elements 
in the model. 
 
8.1 Case-study 1 
In Figure 8.1, a defective model of a work-piece is being presented.  This 
geometrical model contains several errors such as, gaps and holes.  The gaps 
are probably the results of tolerance or truncation issues.  The holes are 
usually present due to missing surfaces.  Figure 8.1(a) – (d) show some errors 
inherent to this defective work-piece model.  Note that since this model is a 
geometrical model, a mesh is being generated over this defective model as 
shown in Figure 8.2(a).  Figure 8.2(b) – (d) show some zoomed-in regions 
containing gaps and holes.  In Figure 8.2(e), with the implementation of the 
developed gaps repair algorithm along with T-joint repair algorithm, the 
affected gap is being closed forming water-tight regions using algorithms 
described in chapter 4.  In Figure 8.3, the mesh is being repaired, and the 
affected holes are being filled using the developed hole-filling algorithm and 
sliver repair algorithm as described in chapter 4 and 5. 
 
In Figure 8.4, an attempt is being made to look at the feature suppression 
capability as discussed in chapter 6.  A bolt feature is being removed from the 
model in Figure 8.4(b).  Making use of the hole-filling algorithm described in 
chapter 5, this feature hole is being patched up in Figure 8.5. 
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At the tail-end in mesh optimisation, this repaired mesh undergoes two 
operations separately.  Using the mesh optimisation algorithm developed in 
chapter 7, the first operation, as shown in Figure 8.6, focuses on the quality of 
the triangular coupled with minimal triangulation reduction.  The result of this 
first operation in this example shows a reduction of 22% in terms of mesh size 
with constancy in the mesh quality.  Figure 8.7 shows the second mesh 
optimisation operation based on a tweak-able set of evaluation variables.  This 
operation focuses heavily on mesh reduction with no or little consideration for 
mesh quality.   This is especially useful in optimizing mesh for visualization 





   

























(b)       (d) 
 
Figure 8.1  (a) View 1 of a defective geometrical mode of a work-piecel, (b) View 2 of the 
defective geometrical model, (c) Presence of holes in the model due to missing 
surfaces, and, (d) Presence of gaps in-between surfaces due to tolerance and 
truncation errors. 
Presence of gaps 
in-between surfaces 
Presence of holes due to 
missing surfaces 
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Figure 8.2  (a) Mesh generated for the defective geometrical model, (b) The mesh of the 
hole region, (c) The mesh region along a gap, (d) The zoomed-in mesh region along the 
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Figure 8.6 The mesh of the work-piece after mesh optimisation for triang ar quality ul






(a)     (b) 







visualization, and (b) View 21 of the same mesh of work-piece optimized to improve the 
speed of model visualization with 4254 triangular elements. 
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8.2 Case-study 2 
 
Figure 8.8 is designed to specially demonstrate the capability of the developed 
hole-filling algorithm.  Figures 8.8(b) to (g) illustrate that the proposed 
algorithm has the ability to handle regions consist of positive and negative 
curvatures, and also highlights the importance of the implementation of 
Genetic Algorithms to construct a proper triangulation that covers the hole.  
One advantage of our proposed algorithm over Jun’s method [36] is that we 
are consistent with the blending of the filling surfaces with the region of the 
hole, with varying curvatures, based on our initial triangulations using GA, 
which provided an initial underlying shape to a given hole.  This way, we can 
craft the filling surfaces as close to the user’s intended shape of the repaired 
model.  In Figure 8.9, the develop mesh optimisation algorithm is applied to the 
repaired model of Figure 8.8, which contains 953125 triangular elements.  With 
such large-scale mesh, it is undesirable to use it straightaway for visualization 
purposes.  By preserving a high level of visual fidelity, the model is being 
reduced to 121765 triangular elements using the mesh optimisation tool 
developed in chapter 7, as shown in Figure 8.9.  Figure 8.9(a) shows the mesh 
concentrations at different regions on the surface of the model, and Figure 
8.9(b) demonstrates the visual smoothness of the model when the edges of 
the elements are hidden.  With an 87% of reduction in mesh–size, the overall 











Figure 8.8  (a) A human head sculpture model with defects;  (b),(d)and(f) Polygons with 
holes; and (c), (e) and (f) repaired model with proposed hole-filling algorithm. 
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(a) (b) 
Figure 8.9 (a) The Sculpture model with mesh concentration, and (b) Visual model 
shown when the edges of the elements are hidden.   
 
8.3 Results and Discussion 
In this chapter, two case studies are presented to illustrate the advantages of 
the developed algorithms that are described in various chapters of this thesis.  
The main highlights are the fully automation of the repair and optimisation 
algorithms, the emphasis of mesh repair over defective geometrical models, 
the high quality of mesh-repair, in terms of gaps and hole repair and last but 
not least, the mesh optimisation using genetic algorithms that can optimize a 
model for model fidelity or model feasibility in terms of mesh-resolutions. 
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Chapter 9:
Conclusions and Future Work 
 
9.1  Contributions 
 
With reference to the research objectives set in chapter 3, contributions are 
highlighted accordingly as follows: 
9.1.1 Contribution 1: Automate the mesh repair process 
 
The first contribution is the development of a mesh repair solution that 
automatically rectifies common geometrical and topological errors that are 
inherent in the processes of CAD modelling and simulation.  A problem 
detection and identification module is developed which helps users to 
automatically identify problems and errors in their models, instead of 
discovering these problems and errors themselves at a later stage. The mesh 
repair algorithms also replace traditional complex geometry repair processes 
with a novel but simplistic mesh repair technique to create water-tight models 
that suit the meshing needs for finite element analysis.  These algorithms are 
generic and can be applied to many types and formats of CAD/CAE models. 
 
The methodology of the proposed algorithm is summarized as follows: 
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(i) Closing of gaps and overlaps. The proposed algorithm will constrain 
the edges of the original model with mesh seeds and thereafter 
discretized the surfaces using triangular elements.  Nodes on the 
free element edges will be merged if they are within a user-specified 
tolerance.  The merging of nodes will be done by shifting the nodal 
positions based on a tangential interpolation. To compensate for the 
accuracy and the smoothness along the merging edges, a cubic 
Bézier approximation technique is proposed. 
(ii) Sewing of T-joint. The sewing of T-joints is achieved by a nodal 
insertion and element splitting algorithm to realize a conforming 
mesh along the T-joint.  The nodes on the free element edges will 
then be equivalence using a similar algorithm of closing of gaps and 
overlaps.  
(iii) Enhancing mesh of sliver surfaces. The mesh of a sliver surface 
usually consists of elements of very poor aspect ratio. This is 
undesirable as far as numerical solution is concerned. To rectify this 
problem, the enhancement improves the quality of the meshes of 
sliver surfaces by an element reconstruction algorithm.  
 
9.1.2 Contribution 2: Emphasis on performing repair in meshes 
 
The novelty of this proposed method is that the mesh-repair process is to 
include model repair and mesh generation into a black-box. This automatic 
mesh-repair algorithm essentially simplifies the problems of the imperfect 
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models and allows one to deal with simple polygons rather than complex 
surface representations.
 
9.1.3 Contribution 3: Shape prediction in hole filling 
 
In this work here, the main contribution is to give a novel and complete account 
of an effective geometrical method for the automatic patching of complex holes 
and ensures water-tightness, due to missing surface patches in both 3D 
surface models and faceted models.  The main stages of this method are: hole 
identification, hole simplification using rough set, hole triangulation using 
Genetic algorithm, surface fitting based on a quartic Bézier patch and element-
based hole meshing with nodal projection based on customized advancing–
front technique.  This algorithm makes use of the Genetic Algorithm to obtain 
an optimal initial triangulation over the hole which is subsequently used for 
surface interpolation to approximate the underlying shape of the hole.  A 
quartic Bézier surface interpolation is then performed over the optimal initial 
triangulation to approximate the shape over the hole. Next, an unstructured 
triangular mesh is generated over the hole using a customized Advancing 
Front meshing algorithm which based its geometric references on the surface 
interpolation. This allows the mesh to model the missing shape using 
geometric information in the vicinity of the hole. The customized Advancing 
Front meshing algorithm also ensures that elements of good quality are 
achieved and that the resolution of the mesh at the patched region matches 
the mesh density at the locality of the hole.  Results show that this technique is 
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able to handle holes with complex boundary and is able to produce a mesh 
over the hole which corresponds closely to the original geometry.  
 
9.1.4 Contribution 4: Mesh optimisation using Genetic Algorithms 
 
The Fourth contribution is the investigation of the use of a genetic algorithm 
(GA) to perform the large-scale triangular mesh optimization process.  This 
optimization process consists of a combination of mesh reduction and mesh 
smoothing processes that will not only improve the speed for the computation 
of a 3D graphical or finite element model; it will also improve the quality of its 
mesh.  The genetic algorithm (GA) is developed and implemented to replace 
the original mesh with a re-triangulation process.  While retaining features is 
important to both visualization models and finite element models, this algorithm 
also optimizes the shape of the triangular elements, improve the smoothness of 
the mesh and perform mesh reduction based on the needs of the user. 
 
Although this work using genetic algorithm is still yet to be conclusive, it does 
provide some promising results. Though Genetic Algorithm may not be the most 
efficient algorithm, due to the time taken to run the optimization, its flexibility 
makes it a potentially useful system for handling model containing huge data or 
large number of elements, for example, in the visualization of 3D models in 
graphical systems with data-size constraint, such as those immersive virtual 
environment systems.  The domain-independent genetic algorithms make them 
perfect solutions in situations where the factors affecting the mesh fidelity are not 
fully understood or not easily enumerated.  With a little work and some more 
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experimentation, this work may become a practical alternative to existing level of 
detail system. 
 
9.1.5 Contribution 5: Discovery and implementation of potential 
applications arising from the mesh-repair algorithms 
 
One difficult task in performing research studies is to bridge research with 
applications.  Coincidently, it is discovered that, it is possible to make use of 
the techniques and algorithms developed in mesh repair to design applications 
that can be used in areas beside the finite element model repair.  This 
contribution involves the discovery of two possible avenues to apply the 
developed techniques, and they are as follows: 
1. Model Feature Suppression based on Hole Repair Algorithm 
2. Restoration and reverse engineering of bio-models, artifacts, and the 
designing of implants in Cranioplasty 
Although the intended hole-filling technique is surface repair and fitting, the 
patches may be used in a CAD environment. Since the patches are defined 
analytically, the representation is compact and easy to work with and the 
resulting composite surface can be edited locally in an interactive graphics 
environment to aid in the design of custom implants. 
 
9.2 Conclusions  
Typical CAD model problems involve structure (is the model definition correct?), 
realism (can it be manufactured?) and accuracy (is it accurate enough?).  The 
problem of bad CAD data should not be ignored. Defective part files inhibit 
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analysis and manufacturing processes. They impede reuse of data for product 
improvements, sap productivity.  All of these problems prevent CAD system 
owners from getting the return on investment they expect from CAD use.  Only by 
understanding the nature of CAD model defects can CAD system owners ask 
intelligently for needed improvements.  This will help engineers and software 
writers to understand in terms requirements, validity and quality in the area of 
mesh manipulation. 
 
The novelty of the work presented in this thesis is the development of error 
identification and mesh-repair algorithms that automatically identify and rectify 
common geometrical and topological errors that are inherent in the processes 
of CAD modelling and simulation.  A new technique, based on genetic 
algorithm (GA) and surface interpolation, is also introduced to specifically fill 
complex holes in unstructured triangular meshes.  New areas of applications, 
extending the usage of the developed mesh-repair algorithms, are addressed.  
They are model feature suppression and reverse-engineering of bio-models, 
artifacts, and the designing of implants in cranioplasty.  Finally, GA is 
employed to perform the large-scale triangular mesh optimization, where the 
shapes of the triangular elements are optimized, improves the smoothness of 
the mesh and performs mesh reduction based on the needs of the user. 
 
9.3 Recommended future work 
The approach presented in gaps repairs has some drawbacks, which should 
be investigated in the future.  The setting of tolerance values for merging 
nodes is currently quite heuristic.  A more systematic setting would be 
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advantageous, e.g. by tagging the tolerance values to the mesh size and the 
lengths of edge curves.  Re-meshing will be carried out ultimately to create the 
optimal mesh (triangular or quad or mixed surface element) for the surface 
model.  Subsequent self-repair techniques will focus on the repair of invalid 
models that are defined by invalid surfaces, such as open loops, missing 
surfaces, complex holes etc., using the mesh-repair method. 
  
The limitation of using quartic Bézier patch is that the shape of the patched 
hole tends to “shrink” more inwards if the size of the hole gets larger which can 
be spotted in case-studies.  One of the future works in this area is to look into 
controlling shapes of the filled mesh patches without affecting tangent plane 
continuity.  Possible approach will also involve building a skull shape library to 
get an idea of the normal variation and to help predict the effectiveness of the 
reconstruction of the skull. 
 
The main drawback of using GA is the speed of the mesh optimization 
process. The main weakness of this algorithm is the slow computational 
speed even with high performance workstations.  Research on parallelization 
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